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Abstract
In view of the current 3 - 4 σ deviation between theoretical and experimen-
tal values for the muon’s anomalous magnetic moment, we review the ongoing
efforts in constraining the hadronic light-by-light contribution to aµ by using
dispersive techniques combined with a dedicated experimental program to ob-
tain the required hadronic input.
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1. Introduction
The anomalous magnetic moment of the muon aµ = (g − 2)µ/2 has since
long been studied as a test of the Standard Model (SM) of particle physics,
and for its high potential of probing new, beyond the Standard Model, physics.
Its experimental value is dominated by the measurements made at Brookhaven
National Laboratory [1, 2, 3], resulting in a world average of [4]
aexpµ = (11659209.1± 6.3)× 10−10. (1)
The SM prediction to aµ was recently updated in Refs. [5, 6], resulting in the
value [6]:
aSMµ = (11659182.04± 3.56)× 10−10. (2)
The presently observed 3−4 σ deviation between theory and experiment in this
observable has indicated that with the obtained precision, one may be tantaliz-
ingly close to probe new physics. On the experimental side, this discrepancy has
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triggered new aµ measurements both at FERMILAB (E989) [7, 8] as well as at
J-PARC [9] within the next few years with the aim to reduce the experimental
error on aµ by a factor of four over the present value. However, the inter-
pretation of aµ critically depends on the knowledge of the strong-interaction
contributions, which at present totally dominate the Standard Model uncer-
tainty. This has motivated an intense activity also on the theoretical side to
reliably estimate contributions of hadrons to aµ.
The hadronic uncertainties mainly originate from the hadronic vacuum po-
larization (HVP) and the hadronic light-by-light (HLbL) processes. Forthcom-
ing data from high-luminosity e+e− colliders, particularly from the BESIII and
Belle II experiments, will further reduce the uncertainty in the HVP over the
next years to make it commensurate with the experimental precision on aµ.
Unlike the HVP contribution, in most of the existing estimates of the HLbL
contribution, the description of the non-perturbative light-by-light matrix el-
ement is based on hadronic models rather than being determined from data.
Unfortunately, a reliable estimate based on such models is possible only within
certain kinematic regimes, resulting in a large, mostly uncontrolled uncertainty
of aµ. The SM value of Eq. (2) corresponds with the chosen estimate for the
HLbL contribution [6]:
aHLbLµ = (9.8± 2.6)× 10−10, (3)
which at present dominates the uncertainty of the SM value for aµ. To re-
duce the model dependence entering the present estimates for aHLbLµ implies to
resort to ab initio approaches such as lattice QCD or data-driven dispersive ap-
proaches. The lattice efforts in constraining the HVP and HLbL contributions
to aµ have been reviewed recently in Ref. [10], to which we refer for details and
references. The present work aims to review the progress in our understanding
of the empirical constraints on the HLbL contribution to aµ. For this purpose,
we will discuss both the progress in the experimental information available on
two-photon to hadron processes, as well as in the theoretical understanding of
such two-photon to hadron processes, and the resulting data-driven estimates
for the HLbL contribution to aµ. After a general introduction to the observ-
ables for the HLbL process and related sum rules in Section 2, the subsequent
sections aim to provide a connection between these observables and existing
theoretical approaches. The organizing principle is according to the produced
hadronic state.
The dominant contributions to HLbL are given by single pseudoscalar states,
which are discussed in Section 3. The coupling of pi0, η and η′ to two photons
is described by transition form factors (TFFs), which can be determined by ex-
periments. Data for arbitrary virtualities of the photons are required as input
to the data-driven approaches and for the validation of hadronic models. We
will review the experimental status of these TFFs, in particular new measure-
ments of the single-virtual TFF of pi0 from the BESIII Collaboration, and of the
double-virtual TFF of η′ from the BaBar Collaboration. We will also review the
theoretical understanding of these TFFs, in particular the model-independent
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approaches based on dispersion theory, lattice QCD, and the short-distance
constraints from perturbative QCD. For the purpose of a new estimate of the
pi0, η, η′ pole contributions to aµ, we will provide a new parameterization for the
double-virtual TFFs satisfying the perturbative QCD constraints, and provide
a new fit to the world data for pi0, η, η′. We will compare the resulting estimate
for aµ with existing predictions.
The next important contribution to aµ comes from states of two pseudoscalar
mesons, which are considered in Section 4. The main ingredients needed for
this channel are double-virtual photon fusion processes γ∗γ∗ → MM , where
M = pi,K, η. Taking these channels into account allows one to cover not only the
pion (kaon) loop contributions, but also scalar and tensor meson contributions.
While the f0(500) resonance can be considered in the elastic approximation, a
contribution from f0(980) and a0(980) resonances requires a coupled channel
treatment. The contributions beyond two mesons are in general much more
complicated and typically considered in the narrow resonance approximation.
Section 5 will briefly cover that.
In Section 6 a summary and outlook will be provided, together with a new
estimate for aHLbLµ . Furthermore, we will emphasize the open challenges (both
experimental and theoretical) needed to be addressed to further constrain the
HLbL input to aµ.
2. Observables for hadronic light-by-light processes and sum rules
In this section we will detail the observables for the coupling of two photons
to hadrons. Furthermore, we will show how causality relates these observables
to the forward light-by-light scattering process. This leads to relations, such as
superconvergence sum rules, which provide model independent constraints on
the general light-by-light scattering amplitude.
2.1. Observables for photon-photon-hadron processes
Experimentally, the two-photon fusion process γ∗γ∗ → X for two spacelike
virtual photons into a general hadronic system X, which is either a single meson
state with C-parity C = +1, or more generally a multi-meson state such as
pipi or pi0η, is accessed at e+e− colliders through the e+ + e− → e+ + e− + X
reaction.
Following Refs. [11, 12], the kinematics of the process e(p1)+e(p2)→ e(p′1)+
e(p′2) + X, in the lepton c.m. system, i.e. the c.m. system of the colliding
beams (denoted by ee c.m.) is characterized by the four-vectors of the incoming
leptons :
p1(E, ~p1), p2(E,−~p1), (4)
with beam energy E =
√
see/2, and see = (p1 + p2)
2.
The kinematics of the outgoing leptons can be related to the virtual photon
four-momenta as :
q1 = p1 − p′1, q2 = p2 − p′2. (5)
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The kinematics of the outgoing leptons then determines five kinematical quan-
tities:
• the energies of both virtual photons:
ω1 ≡ q01 = E − E′1, ω2 = q02 ≡ E − E′2, (6)
with E′1 and E
′
2 the energies of both outgoing leptons;
• the spacelike virtualities of both virtual photons (q21 < 0 and q22 < 0):
Q21 ≡ −q21 = 4EE′1 sin2 θ1/2 +Q21,min ,
Q22 ≡ −q22 = 4EE′2 sin2 θ2/2 +Q22,min , (7)
where θ1 and θ2 are the (polar) angles of the scattered electrons relative
to the respective beam directions, and where the minimal values of the
virtualities are given by (in the limit where E′1  me and E′2  me, with
me the electron mass) :
Q21,min ' m2e
ω21
EE′1
, Q22,min ' m2e
ω22
EE′2
; (8)
• the azimuthal angle φ between both lepton planes, which in the lepton
c.m. frame can be obtained as :(
cosφ
)
ee c.m.
≡ − p
′
1⊥ · p′2⊥
[(p′1⊥)2 (p
′
2⊥)2]
1/2
, (9)
where p′1⊥ and p
′
2⊥ denote the components of the outgoing lepton four-
vectors which are perpendicular to the respective beam directions, and are
defined in the lepton c.m. frame as :
(p′1⊥)
µ
= −Rµν(p1, p2) (p′1)ν , (p′2⊥)µ = −Rµν(p1, p2) (p′2)ν , (10)
with projector
Rµν(p1, p2) = −gµν +
[
(p1 · p2) (pµ1 pν2 + pµ2 pν1)−m2e (pµ1 pν1 + pµ2 pν2)
]
[(p1 · p2)2 −m4e]
. (11)
In the following it will also turn out to be useful to determine kinematical
quantities in the c.m. system of the virtual photons (denoted by γγ c.m.).
In particular, the azimuthal angle between both lepton planes, in the γγ c.m.
frame, which we denote by φ˜ is given by :(
cos φ˜
)
γγ c.m.
≡ − p˜1⊥ · p˜2⊥
[(p˜1⊥)2 (p˜2⊥)2]
1/2
, (12)
where p˜1⊥ and p˜2⊥ denote the transverse components of the incoming lepton
four-vectors in the γγ c.m. frame and are defined in a covariant way as :
(p˜1⊥)
µ
= −Rµν(q1, q2) (p1)ν , (p˜2⊥)µ = −Rµν(q1, q2) (p2)ν , (13)
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with
Rµν(q1, q2) = −gµν +
[
(q1 · q2) (qµ1 qν2 + qµ2 qν1 )− q21 qµ2 qν2 − q22 qµ1 qν1
]
[(q1 · q2)2 − q21q22 ]
. (14)
As the rhs of Eq. (12) is expressed in a Lorentz invariant way, one can then
evaluate all four-momenta in the lepton c.m. frame, to obtain the expression of
cos φ˜ in terms of the lepton c.m. kinematics.
The cross section for the process e(p1) + e(p2)→ e(p′1) + e(p′2) + X, with X
the produced hadronic system, can then be expressed in terms of eight response
functions for the γ∗γ∗ → X process as [12]:
dσ =
α2
16pi4Q21Q
2
2
2
√
X
see (1− 4m2e/see)1/2
· d
3~p ′1
E′1
· d
3~p ′2
E′2
× {4 ρ++1 ρ++2 σTT + ρ001 ρ002 σLL + 2 ρ++1 ρ002 σTL + 2 ρ001 ρ++2 σLT
+2
(
ρ++1 − 1
) (
ρ++2 − 1
)
cos(2φ˜)τTT
+8
[ (
ρ001 + 1
) (
ρ002 + 1
)(
ρ++1 − 1
) (
ρ++2 − 1
)]1/2 cos φ˜ τ˜TL
+h1h2 4
[(
ρ001 + 1
) (
ρ002 + 1
)]1/2
τ˜TT
+ h1h2 8
[(
ρ++1 − 1
) (
ρ++2 − 1
)]1/2
cos φ˜ τTL
}
, (15)
where h1 = ±1 and h2 = ±1 are both lepton beam helicities, and where we
defined
X ≡ (q1 · q2)2 − q21 q22 , (16)
as well as the virtual photon density matrix elements :
ρ++1 =
1
2
{
1− 4m
2
e
Q21
+
1
X
(2 p1 · q2 − q1 · q2)2
}
,
ρ++2 =
1
2
{
1− 4m
2
e
Q22
+
1
X
(2 p2 · q1 − q1 · q2)2
}
,
ρ001 =
1
X
(2 p1 · q2 − q1 · q2)2 − 1 ,
ρ002 =
1
X
(2 p2 · q1 − q1 · q2)2 − 1 . (17)
The γ∗γ∗ → X process is described by eight response functions: four positive
definite cross sections, σTT , σLL, σTL, σLT ; as well as four responses which can
have either sign, τTT , τTL, τ˜TT , τ˜TL, , with T (L) indicating a transverse (lon-
gitudinal) photon respectively. We will give the definitions of these response
functions in terms of the forward light-by-light amplitudes in the next sec-
tion. These eight response functions depend upon three kinematical variables:
s = (q1 + q2)
2, Q21, and Q
2
2.
In the following we will also need the cross section for the unpolarized single-
tagged process e(p1) + e(p2)→ e(p′1) + e(p′2) + X, where the lepton momentum
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p′1 is detected, whereas the second lepton momentum p
′
2 goes undetected. This
corresponds with the kinematical situation where the photon q1 has a finite
virtuality Q21, whereas the second photon q2 is quasi-real, i.e. Q
2
2 ' 0. By
measuring the outgoing lepton p′1 (energy and angle), as well as the invariant
mass s of the hadronic system, the energy ω2 of the quasi-real photon is fixed
as:
ω2 = E
(
s+Q21
4E ω1 +Q21
)
, (18)
The resulting single-tagged cross section is differential in Q21, ω1, and s and is
given by (for E  me):
dσ
dω1 dQ21 ds
=
1(
ω1 +
Q21
4E
)
Q21 (s+Q
2
1)
(19)
×
{
F++1 σTT (s,Q
2
1, Q
2
2 = 0) + F
00
1 σLT (s,Q
2
1, Q
2
2 = 0)
}
,
where F++1 and F
00
1 are correspondingly defined virtual photon flux factors,
which can be obtained from the general expression of Eq. (15).
As the γ∗γ cross sections in Eq. (19) do not depend on ω1, one can integrate
Eq. (19) over the experimentally accepted range of ω1 values, i.e. ω
exp
1,min < ω1 <
ωexp1,max yielding:
dσ
dQ21 ds
=
F˜++1
Q21 (s+Q
2
1)
{
σTT (s,Q
2
1, Q
2
2 = 0) + ε σLT (s,Q
2
1, Q
2
2 = 0)
}
,
(20)
with (dimensionless) integrated transverse virtual photon flux factor F˜++1 given
by
F˜++1 =
∫ ωexp1,max
ωexp1,min
dω1
(ω1 +Q21/(4E))
F++1 , (21)
and longitudinal photon polarization parameter ε, which depends on Q21 and
W 2, given by
ε =
1
F˜++1
∫ ωexp1,max
ωexp1,min
dω1
(ω1 +Q21/(4E))
F 001 . (22)
2.2. Forward light-by-light scattering
The response functions, which appear in the general expression for the e+ +
e− → e+ + e−+ X cross section, Eq. (15), can be related through unitarity with
the amplitudes for the forward scattering of virtual photons on virtual photons:
γ∗(λ1, q1) + γ∗(λ2, q2)→ γ∗(λ′1, q1) + γ∗(λ′2, q2), (23)
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where q1, q2 are photon four-momenta, and λ1, λ2 (λ
′
1, λ
′
2) are the helicities of
the initial (final) virtual photons, which can take on the values ±1 (transverse
polarizations) and zero (longitudinal). The total helicity in the γ∗γ∗ c.m. sys-
tem is given by Λ = λ1 − λ2 = λ′1 − λ′2. To define the kinematics, besides
the photon virtualities Q21 = −q21 , Q22 = −q22 , we also use the Mandelstam in-
variants: s = (q1 + q2)
2, u = (q1 − q2)2, and the following crossing-symmetric
variable:
ν ≡ 14 (s− u) = q1 · q2. (24)
The γ∗γ∗ → γ∗γ∗ forward scattering amplitudes, denoted as Mλ′1λ′2,λ1λ2 , are
functions of ν, Q21, Q
2
2. Parity invariance (P ) and time-reversal invariance (T )
imply the following relations among the matrix elements with different helicities :
P : Mλ′1λ′2,λ1λ2 = M−λ′1−λ′2,−λ1−λ2 , (25)
T : Mλ′1λ′2,λ1λ2 = Mλ1λ2,λ′1λ′2 , (26)
which leaves out only eight independent amplitudes [13] 1:
M++,++, M+−,+−, M++,−−, M00,00, M+0,+0, M0+,0+, M++,00, M0+,−0.
(27)
We next look at the constraint imposed by crossing symmetry, which requires
that the amplitudes for the process (23) equal the amplitudes for the process
where the photons with e.g. label 2 are crossed:
γ∗(λ1, q1) + γ∗(−λ′2,−q2)→ γ∗(λ′1, q1) + γ∗(−λ2,−q2). (28)
As under photon crossing ν → −ν, one obtains
Mλ′1λ′2,λ1λ2(ν,Q
2
1, Q
2
2) = Mλ′1−λ2,λ1−λ′2(−ν,Q21, Q22), (29)
it becomes convenient to introduce amplitudes which are either even or odd in
ν (at fixed Q21 and Q
2
2). One easily verifies that the following six amplitudes are
even in ν :
(M++,++ +M+−,+−) , M++,−−, M00,00,
M+0,+0, M0+,0+, (M++,00 +M0+,−0) , (30)
whereas the following two amplitudes are odd in ν :
(M++,++ −M+−,+−) , (M++,00 −M0+,−0) . (31)
1Note that the phase of the mixed longitudinal-transverse amplitudes depends on the phase
convention for the longitudinal polarization vectors. We are using a purely real phase for the
longitudinal polarization vector in this work, whereas a purely imaginary phase was chosen in
Ref. [12].
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The optical theorem allows one to relate the absorptive part of the γ∗γ∗ →
γ∗γ∗ forward scattering amplitudes to the response functions for the process
γ∗γ∗ → X, which appear in Eq. (15). Denoting the absorptive part as
Wλ′1λ′2,λ1λ2 ≡ AbsMλ′1λ′2,λ1λ2 , (32)
the optical theorem yields:
Wλ′1λ′2,λ1λ2 =
1
2
∫
dΓX (2pi)
4 δ4(q1 + q2 − pX)
×Mλ1λ2(q1, q2; pX)M∗λ′1λ′2(q1, q2; pX), (33)
where Mλ1λ2(q1, q2; pX) denotes the invariant amplitude for the process
γ∗(λ1, q1) + γ∗(λ2, q2)→ X(pX). (34)
As a result, the absorptive parts are expressed in terms of eight independent
γ∗γ∗ → X response functions:
W++,++ +W+−,+− ≡ 2
√
X (σ0 + σ2) = 2
√
X
(
σ‖ + σ⊥
) ≡ 4√X σTT ,
W++,++ −W+−,+− ≡ 2
√
X (σ0 − σ2) ≡ 4
√
X τ˜TT ,
W++,−− ≡ 2
√
X
(
σ‖ − σ⊥
) ≡ 2√X τTT ,
W00,00 ≡ 2
√
X σLL,
W+0,+0 ≡ 2
√
X σTL,
W0+,0+ ≡ 2
√
X σLT ,
W++,00 +W0+,−0 ≡ 4
√
X τTL,
W++,00 −W0+,−0 ≡ 4
√
X τ˜TL, (35)
where the virtual photon flux factor X defined as in Eq. (16). In Eq. (35),
σ0(σ2) are the γ
∗γ∗ → X cross sections for total helicity 0 (2) respectively, and
σ‖(σ⊥) are the cross sections for linear photon polarizations with both pho-
ton polarization directions parallel (perpendicular) to each other respectively.
The remaining cross sections (positive definite quantities σ) involve either one
transverse (T ) and one longitudinal (L) photon polarization, or two longitudinal
photon polarizations, with σLT and σTL related as :
σLT (ν,Q
2
1, Q
2
2) = σTL(ν,Q
2
2, Q
2
1). (36)
The quantities τTT , τ˜TT , τTL, τ˜TL denote interference cross sections (which are
not sign-definite) with either both photons transverse (TT ), or for one transverse
and one longitudinal photon (TL).
2.3. Light-by-light scattering sum rules
The principle of (micro-)causality allows to make exact statements about an-
alytic properties of the forward light-by-light scattering amplitudes in the com-
plex energy plane, and to derive several sum rules, as was done in Refs. [14, 15],
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see also the recent pedagogical review of Ref. [16]. The causality principle trans-
lates into the statement of analyticity of the forward γ∗γ∗ scattering amplitude
in the entire ν plane, except for the real axis where the branch cuts associated
with particle production are located. Assuming that the threshold for particle
production is ν0 > 0, one can write down the usual dispersion relations, in which
the amplitude is given by integrals over the non-analyticities, which in this case
are branch cuts extending from ±ν0 to ±∞. Finally, for amplitudes that are
even or odd in ν we can write (for any fixed values of Q21, Q
2
2 > 0):
feven(ν) =
2
pi
∫ ∞
ν0
dν′
ν′
ν′ 2 − ν2 − i0+ Abs feven(ν
′), (37a)
fodd(ν) =
2ν
pi
∫ ∞
ν0
dν′
1
ν′ 2 − ν2 − i0+ Abs fodd(ν
′), (37b)
where 0+ is an infinitesimal positive number.
These dispersion relations are derived with the provision that the integrals
converge. If they do not, subtractions must be made; e.g., the once-subtracted
dispersion relation for the even amplitudes reads:
feven(ν) = feven(0) +
2 ν2
pi
∫ ∞
ν0
dν′
1
ν′(ν′ 2 − ν2 − i0+)Abs feven(ν
′). (38)
Using a Regge pole model assumption for the high-energy asymptotics of the
light-by-light forward amplitudes. Refs. [14, 15] have derived the following sub-
tracted dispersion relations for the case of one real and one virtual photon (when
the virtual photon flux factor becomes X = ν2):
M++,++(ν) +M+−,+−(ν) =
4 ν2
pi
∫ ∞
ν0
dν′
σ‖(ν′) + σ⊥(ν′)
ν′ 2 − ν2 − i0+ , (39)
M++,−−(ν) =
4 ν2
pi
∫ ∞
ν0
dν′
σ‖(ν′)− σ⊥(ν′)
ν′ 2 − ν2 − i0+ , (40)
M0+,0+(ν) =
4 ν2
pi
∫ ∞
ν0
dν′
σLT (ν
′)
ν′ 2 − ν2 − i0+ , (41)
M+0,+0(ν) =
4 ν2
pi
∫ ∞
ν0
dν′
σTL(ν
′)
ν′ 2 − ν2 − i0+ . (42)
For all the remaining amplitudes the asymptotic behavior justifies the use of
unsubtracted dispersion relations which, upon substituting Eq. (35), lead to the
following sum rules, valid for both photons virtual:
M++,++(ν)−M+−,+−(ν) = 4 ν
pi
∫ ∞
ν0
dν′
√
X ′
[
σ0(ν
′)− σ2(ν′)
]
ν′ 2 − ν2 − i0+ , (43)
M++,00(ν)−M0+,−0(ν) = 8 ν
pi
∫ ∞
ν0
dν′
√
X ′ τ˜TL(ν′)
ν′ 2 − ν2 − i0+ , (44)
M++,00(ν) +M0+,−0(ν) =
8
pi
∫ ∞
ν0
dν′
ν′
√
X ′ τTL(ν′)
ν′ 2 − ν2 − i0+ , (45)
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where the dependence on virtualities Q21, Q
2
2 is tacitly assumed.
The above sum rules, relating all the forward γ∗γ∗ elastic scattering am-
plitudes to the energy integrals of the γ∗γ∗ fusion cross sections, should hold
for any space-like photon virtualities in the unsubtracted cases, and for one of
the virtualities equal to zero in the subtracted cases. To obtain more specific
relations, the low-energy (small ν) behavior of the γ∗γ∗ → γ∗γ∗ forward scat-
tering amplitudes M has to be considered. At lowest order in the energy, the
self-interactions of the electromagnetic field are described by an effective La-
grangian (of fourth order in the photon energy and/or momentum, and fourth
order in the electromagnetic field):
L(8) = c1 (FµνFµν)2 + c2 (Fµν F˜µν)2, (46)
where Fµν = ∂µAν − ∂νAµ, F˜µν = εµναβ∂αAβ , and where c1, c2 are two low-
energy constants (LECs) which contain the structure dependent information. It
is often referred to as Euler-Heisenberg Lagrangian due to the seminal work [17].
At the next order in energy, one considers the terms involving two deriva-
tives on the field tensors, corresponding with the sixth order in the photon
energy and/or momentum. Writing down all such dimension-ten operators and
reducing their number using the antisymmetry of the field tensors, the Bianchi
identities, as well as adding or removing total derivative terms, there are 6
independent terms at that order, which were chosen in Ref. [15] as :
L(10) = c3 (∂αFµν)(∂αFλν)FλρFµρ + c4 (∂αFµν)(∂αFµν)FλρFλρ
+ c5 (∂
αFαν)(∂βF
βν)FλρF
λρ + c6 (∂α∂
αFµν)F
λνFλρF
µρ
+ c7 (∂α∂
αFµν)F
µνFλρF
λρ + c8 (∂
αFαµ)(∂βF
βλ)FρλF
ρµ, (47)
where c3, . . . , c8 are the new LECs arising at this order. Only c3 and c4 appear
in the case of real photons.
This specifies the low-energy limit of the light-by-light scattering amplitudes
in terms of the LECs describing the low-energy self-interactions of the electro-
magnetic field. As a result, the following set of super-convergence relations, valid
for at least one real photon (e.g., Q1 ≥ 0, Q22 = 0) were derived in Refs. [14, 15]:
0 =
∞∫
s0
ds
1
(s+Q21)
τ˜TT (s,Q
2
1, 0), (48)
0 =
∞∫
s0
ds
1
(s+Q21)
2
[
σ‖ + σLT +
(s+Q21)
Q1Q2
τ˜TL
]
Q22=0
, (49)
0 =
∞∫
s0
ds
[
τTL(s,Q
2
1, Q
2
2)
Q1Q2
]
Q22=0
. (50)
and the following set of sum rules for the LECs of the dimension-8 (Euler-
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Heisenberg) Lagrangian, in terms of cross sections where both photons are real:
c1 =
1
8pi
∞∫
s0
ds
s2
σ‖(s, 0, 0), (51)
c2 =
1
8pi
∞∫
s0
ds
s2
σ⊥(s, 0, 0), (52)
where s0 = 2 ν0−Q21−Q22. There are as well the sum rules for the LECs of the
dimension-10 Lagrangian, for which we refer to Ref. [15].
All of the above relations were verified exactly in perturbation theory at lead-
ing order in scalar and spinor QED [15], and a proof to all orders in perturbation
theory was given within the context of the φ4 quantum field theory [18]. These
super-convergence relations were subsequently applied to the γ∗γ -production
of mesons, and it was shown quantitatively that they lead to relations between
the γ∗γ transition form factors (TFFs) for scalar, pseudo-scalar, axial-vector,
and tensor mesons. In particular, it was shown in [15] that for isospin I = 0
states, the helicity-2 minus helicity-0 difference sum rule for transverse photons,
Eq. (48), was saturated by the pseudo-scalar mesons η, η′, and the tensor meson
f2(1270). Furthermore for the second sum rule of Eq. (49), which involves both
transverse and longitudinal photons it was found that it was saturated by the
axial-vector mesons f1(1285), f1(1420), and the tensor meson f2(1270). This
has allowed Ref. [15] to provide empirical estimates for the dominant helicity
Λ = 2 TFF for f2(1270), which was found to be in very good agreement with
recent Belle data [19].
The analysis of [15] has been improved in Ref. [20] after the release of the
Belle data [19] by including contributions beyond the Λ = 2 TFF for the tensor
meson f2(1270), as well as including contributions of higher mesons. For the
sum rule of Eq. (48), the previous findings were confirmed that the η, η′ and
Λ = 2 production of f2(1270) saturate this sum rule within the experimental
uncertainty up to around 1 GeV2. For larger values of Q2, a clear signal was
found for additional Λ = 2 strength. Adding the second lowest tensor meson,
f2(1565), allows to saturate the helicity sum rule up to Q
2 ' 5 GeV2, corre-
sponding with the whole range of the Belle data. This has allowed Ref. [20] to
make a prediction for the Λ = 2 TFF for the tensor meson f2(1565) over the
whole range in Q2, which can be tested by future data at lower Q2. Further-
more, Ref. [20] also analyzed the sum rules of Eqs. (49,50), which both involve
the TFFs for longitudinal and transverse photons. By accounting for the contri-
butions of the f1(1285), f1(1420), f0(980), f2(1270), and f2(1565) mesons to the
sum rule of Eq. (49), and the f1(1285), f1(1420), and f2(1270) mesons to sum
rule of Eq. (50), It was demonstrated that both sum rules can be well satisfied
up to around Q2 ' 1 GeV2 within the experimental uncertainty. This has for
the first time allowed to extract the Λ = 1 and Λ = (0, L) TFF for the f2(1270)
meson in the low Q2 region, up to around 1 GeV2. A very sizable value for the
longitudinal, i.e. Λ = (0, L), TFF of the tensor meson f2(1270) was found. A
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direct measurement of this longitudinal TFF may be very worthwhile and may
be possible in the near future at BESIII in a double-tagged experiment.
The estimates for the different meson TFF were then used in [20] to provide
updates for the scalar, axial-vector and tensor meson light-by-light contributions
to the muon’s aµ. We will discuss these estimates in Sections 4.4 and 5.
The eight forward light-by-light amplitudes of Eqs. (30,31) have also directly
been studied for two spacelike photons in Nf = 2 lattice QCD [21, 22]. Via dis-
persive sum rules, as given by Eqs. (43,44,45) the real parts for the forward
light-by-light amplitude were then be compared with the integral over the ab-
sorptive parts. The latter were estimated in Refs. [21, 22] using an empirical
model for the TFFs of the dominant pseudoscalar, scalar, axial, and tensor
mesons. It was found that the monopole and dipole masses parametrizing the
TFFs compare reasonably well in magnitude with phenomenological determi-
nations for I = 0 states, with the notable exception of the subdominant TFFs
for the tensor mesons with helicity Λ = 1 and Λ = (0, T ), where the TFFs were
found to fall off more slowly. The pioneering work of Ref. [21, 22] paves the
way for future lattice calculations to directly test, in a broad kinematic regime
and by a completely independent method, the resonance-exchange model widely
used in calculating aµ.
3. Pseudoscalar meson transition form factors and aµ contribution
3.1. Overview
The interaction of two virtual photons with a pseudoscalar meson is de-
scribed by the S-matrix element
Mλ1λ2 = −ie2εµναβ εµ(q1, λ1) εν(q2, λ2) qα1 qβ2 FM (q21 , q22),
where εµναβ is the fully antisymmetric tensor, ε
α(qi, λi) are the polarization
vectors of the photons depending on the helicity λ and the four-momentum q of
the photons, and FM (q
2
1 , q
2
2) is the meson (M = pi
0, η, η′) transition form factor
(TFF), which is a function of the squared four-momenta, the virtualities of the
photons. The TFF comprises the structural information of the hadron.
Experimentally, the pseudoscalar TFFs can be investigated in different ap-
proaches, giving access to different virtualities. The spacelike regime (q2i < 0)
can be studies at lepton colliders in the process of two-photon scattering. As
depicted in the left panel of Fig. 1, both leptons exchange a virtual photon.
Their virtuality is defined by the momentum transfer of the leptons. The fusion
of both photons to form a meson is described by the TFF.
The timelike regime (q2i > 0) can be studied in two different ways, covering
two separate kinematic regions. In Dalitz decays, as illustrated in the central
panel of Fig. 1, pseudoscalar mesons decay into a real and a virtual photon.
The latter converts in a lepton pair, allowing to measure its four-momentum.
The virtuality is constrained by the square of the meson mass. Double Dalitz
decays, i.e. decays of pseudoscalars into two lepton pairs allow to investigate
the timelike TFF as a function of two virtualities. Above the boundary of the
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Figure 1: Feynman diagrams of the three processes, which allow to measure pseudoscalar
TFFs FM (q
2
1 , q
2
2) in experiments. Left: Two-photon scattering at lepton colliders with space-
like virtualities q21 < 0, q
2
2 < 0; Center: Dalitz decays with timelike virtualities q
2 = m2ee;
Right: Radiative production of mesons at e+e− colliders with timelike virtuality q2 = s.
meson mass, the timelike TFF can still be investigated through the radiative
production of pseudoscalar mesons at e+e− colliders. As can be seen from the
right panel in Fig. 1, the virtuality is fixed to the center of mass energy s of the
collider. When the radiative production proceed with a virtual photon in the
final state, which decays into a lepton pair, also here the timelike TFF can be
studied as a function of two virtualities.
In the following, a summary of the available experimental information on
pseudoscalar TFFs is provided, starting with the spacelike TFF measurements
in two-photon scattering reactions, followed by the studies of the timelike TFFs
in the radiative meson production at e+e− machines, as well as mesons decays.
The overview of the experimental status is followed by a review of the the-
oretical approaches to understand the pseudoscalar meson TFFs.
3.2. Experimental situation on spacelike pi0, η, η′ TFFs
Spacelike TFFs FM (−Q21,−Q22) of pseudoscalar mesons are experimentally
accessible through the investigation of the two-photon scattering process at
e+e− machines. If in the scattering each of the beam particles emits a photon,
these can fuse to form states of quantum numbers JPC = 0−+, 0++, 2++, ...,
which are not directly accessible in the dominating scattering and annihila-
tion processes involving the exchange of a single photon. The mass of mesons
produced in two-photon scattering is typically well below the center-of-mass en-
ergies at which the lepton colliders are operated. Thus, the lightest pseudoscalar
mesons pi0, η and η′ are predominantly produced. Their production cross section
is directly proportional to the square of their TFF.
The momentum dependence of the TFF is studied by measuring the mo-
mentum transfer q2 = −Q2 of the scattered leptons. Since information at small
momentum transfers is most relevant for the estimate of the HLbL contribution
to aµ, the outgoing leptons in the events of interest are predominantly emitted
at small angles. The typical layout of particle detectors at e+e− machines lim-
its the geometric acceptance in this range. The beam optics of the accelerator,
required to bend and focus the beam towards the collision region, do usually
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not allow to place active detectors close to zero degree scattering angles. At
the same time, this region also suffers high rates of beam background and small
angle Bhabha scattering, making the readout and identification of the signal
process challenging. A few facilities, e.g. CELLO [23], KEDR [24], and KLOE-
2 [25], have installed special tagging detectors, covering small fractions of the
solid angle at small scattering angles to aid the measurement of two-photon
scattering.
The conventional approach to measure the momentum dependence of the
TFF is to register the scattered leptons and the produced meson in the main
detectors. This puts a lower limit on the accessible range of momentum transfer,
which, neglecting the lepton mass, is defined asQ2 = 4EE′ sin2 θ2 , with the beam
energy E and the energy E′ of a lepton emitted at the scattering angle θ. As the
cross section of the process e+e− → e+e−M (with M = pi0, η, η′) drops rapidly
with increasing momentum transfers, large data sets are required. Only recently
the BaBar Collaboration succeeded to measure the momentum dependence of
the TFF of Fη′(−Q21,−Q22) as a function of both virtualities [26].
A viable approach to the investigation of the momentum dependence of
TFF, which has been applied frequently over the past 30 years, is referred to
as single-tagged technique. Instead of an exclusive reconstruction of the final
state, besides the produced mesons, only one of the outgoing leptons is required
to be registered in the detector. The second lepton is assumed to be scattered
along the beam axis with momentum transfer Q2 ≈ 0 GeV2, having exchanged
a quasi-real photon. Using energy and momentum conservation, the scattering
angle of the unmeasured lepton can be reconstructed from the known center-of-
mass energy and the measured particles. By requiring the reconstructed angle
of the untagged lepton to be close to cos θ ≈ 1, the two-photon process can be
selected efficiently. The TFF is determined as FM (−Q21,−Q22 = 0) ≡ FM (Q21),
depending only on a single virtuality. In the following sections an overview of
the experimental results on TFFs of single pseudoscalar mesons is given. The
TFFs are presented as the product Q2 · FM (Q2), which takes into account the
momentum dependence of the pQCD limit ∝ Q−2. Additionally, the TFFs are
normalized to their value at Q2 = 0 GeV2, defined as
FM (0, 0) =
√
4 ΓγγM
pi α2m3M
, (53)
with ΓγγM and mM the radiative width and rest mass of the meson, and α being
the fine structure constant. The current average values of the PDG [4] are
considered to obtain the numerical values
Fpi(0, 0) = (0.2725± 0.0029) GeV−1, (54)
Fη(0, 0) = (0.2736± 0.0048) GeV−1, (55)
Fη′(0, 0) = (0.3412± 0.0076) GeV−1. (56)
An essential tool for the experimental determination of pseudoscalar TFFs
are Monte Carlo generators. Using the simulation of the process e+e− →
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e+e−M with a known description of the TFF FMCM (−Q21,−Q22) allows to obtain
the TFF from the measured cross section σexp according to
|F expM (−Q21,−Q22)|2 =
dσexp
dQ2
dσMC
dQ2
|FMCM (−Q21,−Q22)|2.
Various generator codes have been developed in the past [27]. Most of the codes
make use of the equivalent photon approximation, which puts limitations on the
accuracy of the simulation especially for large virtualities. Thus, most recent
generator developments use exact equations for the matrix element [28, 29].
The GGResRC code developed and used by the BaBar Collaboration also
takes into account radiative effects of QED, albeit only for leptons with large
momentum transfer. The more recently developed Ekhara 3.0 generator in-
cludes the full calculation of radiative effects, where the terms neglected in
GGResRC turn out to have a sizable effect [30].
3.2.1. Results for γ∗γ → pi0
The measurement published in 1990 by the CELLO Collaboration, obtained
from the experiment operated at the PETRA storage ring at Deutsches Elektro-
nen-Synchrotron, Hamburg, Germany [31], is considered the first measurement
of the momentum dependence of the pi0 TFF. A data sample of 86 pb−1 collected
at
√
s = 35 GeV was evaluated. 137±12±16 events of the type e+e− → e+e−pi0
were reconstructed requiring the tag of one lepton in the forward calorimeters
(40− 100 mrad) or in the end caps of the central calorimeter (100− 400 mrad),
allowing to study the TFF at momentum transfers 0.5 ≤ Q2 [GeV2] ≤ 2.7.
The results are presented in Fig. 2 and Fig. 3 with solid green triangles. The
extrapolation of this spacelike TFF result to zero, based on a VMD-like model,
dominated the PDG’s average value of the TFF slope until the recent high
statistics measurements of the pi0 Dalitz decays became available. These are
discussed in Sec. 3.4.
The CLEO Collaboration published a measurement of the spacelike pi0 TFF
in 1997, which covers a wider range of momentum transfers, from 1.5 GeV2
up to 9.0 GeV2 [32]. It is obtained from a data set of 2.88 ± 0.03 fb−1, which
was acquired with the CLEO II detector at the Cornell Electron Storage Ring.
Two-thirds of the data were taken at
√
s = 10.58 GeV and one third at
√
s =
10.52 GeV. As illustrated by the solid blue triangles in Fig. 2 and Fig. 3, the
significantly larger statistics allowed for a more precise determination of the
TFF compared to the CELLO results, as well as for the investigation of the
momentum dependence at values of Q2 ≤ 9 GeV2.
A new era for two-photon physics started with the appearance of the B-
factories. The high intensity beams allowed for detailed studies in a wide range
of momentum transfer. However, the asymmetric beam energies of the stor-
age rings, optimized to study time-dependent CP -violation effects, restrict the
possibilities to study the momentum dependence of the TFF to Q2 ≥ 4 GeV2
due to the detector acceptance. Both, BaBar at PEP-II (SLAC) and Belle at
KEK-B (Tsukuba) extended the range of investigation up to Q2 = 40 GeV2
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Figure 2: (Color online) Momentum dependence of the spacelike TFF of pi0. The TFF is
normalized to its value at Fpi0 (0, 0) and multiplied with Q
2. Data are shown from CELLO [31]
(green triangles (up), CLEO [32] (blue triangles (down)), BaBar [33] (black squares), Belle [34]
(purple stars), and preliminary data from BESIII (red circles). Error bars indicate the total
uncertainties.
based on 485 fb−1 at and close to the Υ(4S) resonance (BaBar, black squares
in Fig. 2), and 759 fb−1 taken at and close to the Υ(3S), Υ(4S), and Υ(5S)
resonances (Belle, purple stars in Fig. 2), respectively. In the overlap region
with the CLEO measurement of 4 ≤ Q2[GeV2] ≤ 9, the accuracy of the TFF
measurement is significantly improved. It should be noted that the BaBar Col-
laboration is the first to explicitly consider radiative effects of QED in their
Monte Carlo simulations to determine efficiency corrections assuming that only
the tagged leptons are affected. Recently, it was pointed out that the neglected
terms might actually have a significant effect on the result [30].
The results of the B factories are predominantly suited to study the asymp-
totic behavior of the TFF towards high energies, as predicted by pQCD. A
puzzling feature of the B-factory measurements, also referred to as BaBar-Belle-
puzzle, is found in the behavior at large momenta. The BaBar result exceeds
the Brodsky-Lepage-limit, which indicates the asymptotic behavior expected by
pQCD as discussed in Section 3.6.5, while the Belle result is well compatible
with it.
Recently, the BESIII Collaboration started to investigate the momentum
dependence of pseudoscalar TFFs. Based on 2.93 fb−1 of data collected at
√
s =
3.773 GeV with the BESIII detector at the Beijing Electron Positron Collider-
II a preliminary result for the pi0 TFF is obtained [35]. As illustrated with
red circles in Fig. 2 and Fig. 3, the momentum dependence is studied from
0.3 GeV2 up to 3.1 GeV2. The preliminary BESIII result extends the CELLO
measurement towards lower values of Q2, which is important for the hadronic
light-by-light scattering calculations for aµ, and it exceeds its accuracy. In the
overlap region with the CLEO measurement at Q2 ≥ 1.5 GeV2 both results
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Figure 3: (Color online) Momentum dependence of the spacelike TFF of pi0 for Q2 ≤ 4 GeV2.
Data from CELLO [31] (green triangles (up)), CLEO [32] (blue triangles (down)), and pre-
liminary data from BESIII (red circles).
show good agreement.
Even though the BESIII measurement uses similar means to suppress radia-
tive effects of QED on the determination of momentum transfer as the BaBar
Collaboration, the preliminary result does not yet take into account radiative
effects in the efficiency corrections. This will be part of the final result, per-
formed based on the full calculations included in the Ekhara 3.0 Monte Carlo
generator.
3.2.2. Results for γ∗γ → η, η′
The TFFs of η and η′ have been studied by the CELLO and CLEO Collabo-
rations in the single-tag technique using the same data discussed in Sec.3.2.1. In
contrast to the investigations of the pi0 TFF several decay modes were considered
to tag the meson production. The CELLO Collaboration provides information
on the momentum dependence of the η TFF for 0.3 ≤ Q2 [GeV2] ≤ 3.4, by
combining the three decay modes η → γγ, η → pi+pi−pi0 and η → pi+pi−γ [31].
The combined results are shown with solid green triangles in Fig. 4 and Fig. 6.
In contrast, the CLEO Collaboration published the momentum dependence of
the TFF of η separately for each decay channel. Instead of the radiative decay
η → pi+pi−γ the more abundant decay into three neutral pions was consid-
ered [32]. The intervals of momentum transfer differ between the individual
decay modes. All results are illustrated with triangular blue solid symbols in
Fig. 4 and Fig. 6, covering momentum transfer from 1.5 GeV2 to 9.0 GeV2, while
for η → pi+pi−pi0 information is provided even up to 20 GeV2.
The BaBar Collaboration considered only the charged decay into three pi-
ons, which was studied based on 469 fb−1 taken at and close to the Υ(4S)
resonance [36].The results, shown with black solid squares in Fig. 4 cover the
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Figure 4: (Color online) Momentum dependence of the spacelike TFF of η. The TFF is
normalized to its value at Fη(0, 0) and multiplied with Q2. Data from CELLO [31] (red),
CLEO [32] (blue), and BaBar [36] (orange) are shown with error bars corresponding to the
total uncertainty. The open symbols show timelike data of CLEO [37] and BaBar [38]. The
error bars indicate the total uncertainties.
momentum range 3 ≤ Q2 [GeV2] ≤ 40. In contrast to the measurement of the
pi0 TFF, a deviation from the expected asymptotic behavior was not observed.
Analyzing the same data samples, these three collaborations also provided
information on the Q2 dependence of the TFF of η′. The CELLO Collaboration
combined the results of the two most abundant decay modes η′ → pi+pi−γ and
η′ → pi+pi−η, where the same subsequent decay modes of the η meson were
considered as in the study of the η TFF mentioned above [32]. In this way, in-
formation on the TFF is provided for momentum transfers from Q2 ≤ 0.3 GeV2
to Q2 ≥ 20 GeV2, as illustrated with green triangles in Fig. 5 and Fig. 7. The
CLEO Collaboration also published their results on the momentum dependence
from Q2 ≥ 1.5 GeV2 to Q2 ≤ 30 GeV2. The data are provided separately for
each of the six investigated final states in six intervals of momentum transfer, as
illustrated with solid blue triangular symbols in Fig. 5 and Fig. 7. The BaBar
Collaboration investigated the η′ TFF only in the decay mode η′ → pi+pi−η
with the subsequent decay η → γγ. The results, shown as solid black squares in
Fig. 5 cover momentum transfers up to Q2 ≤ 40 GeV2 and provide an increased
accuracy compared to previous measurements.
An additional measurement of the spacelike η′ TFF was provided by the
L3 Collaboration at the Large Electron Positron collider at CERN [39]. Using
100 pb−1 taken at
√
s ' 91 GeV Fη′ is determined at momentum transfers up to
Q2 = 10 GeV2. The results are shown in Fig. 5 and Fig. 7 with orange crosses.
In addition to the regular single-tag technique, another analysis strategy is
applied to determine the TFF at the lowest values of Q2. Exploiting the direct
proportionality of the squared transverse momentum of the produced meson
p2t (η
′) and the squared total momentum transfer Q2tot = Q
2
1 + Q
2
2 in an event,
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Figure 5: (Color online) Momentum dependence of the spacelike TFF of η′. The TFF is
normalized to its value at Fη′ (0, 0) and multiplied with Q
2. Data are from CELLO [31]
(green), L3 [39] (orange), CLEO [32] (blue), and BaBar [36] (black). Open symbols show
timelike data of CLEO [37] and BaBar [38]. The error bars indicate the total uncertainties.
as suggested by Monte Carlo simulations, another 129 pb−1 of data containing
events with untagged leptons could be included in the investigation. In this way
the TFF of η′ was investigated down to Q2 ≥ 0.01 using the most prominent
decay mode η′ → pi+pi−γ.
3.2.3. Information on double virtual TFFs γ∗γ∗ → pi0, η, η′
The experimental determination of pseudoscalar TFFs in two-photon scat-
tering at e+e− colliders for arbitrary momentum transfers FM (−Q21,−Q22) is
challenging. The rapid decrease of the differential cross section dσee
dQ21dQ
2
2
calls on
the one hand for special detectors and on the other hand for data samples with
large integrated luminosities.
Recently, the BaBar Collaboration published the first measurement of the
double virtual TFF Fη′(−Q21,−Q22) [26]. Using a total integrated luminosity
of 468.6 fb−1, which corresponds to the complete BaBar data set taken at the
peak of the Υ(4S) resonance, including a 43.9 fb−1 sample taken 40 MeV be-
low the peak. The meson production was investigated through the decay chain
η′ → pi+pi−η with the subsequent decay η → γγ, which is also exploited in the
single tagged measurements of the η′ TFF of the BaBar Collaboration. Ap-
plying conditions based on energy and momentum conservation and exploiting
specific correlations due to the reaction kinematics 46.2+8.3−7.0 signal events are re-
ported. The TFF is determined in seven intervals of (Q21, Q
2
2). Three intervals
are placed along the diagonal Q21 = Q
2
2: 2 < Q
2
1,2 < 10, 10 < Q
2
1,2 < 30, and
30 < Q21,2 < 60. Another four intervals are placed for asymmetrical kinematic
conditions between both virtualities at 10 < Q21,2 < 30; 2 < Q
2
2,1 < 10 and
30 < Q21,2 < 60; 2 < Q
2
2,1 < 30. In these intervals the TFF is reported to be in
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Figure 6: Momentum dependence of the
spacelike TFF of η. Data from CELLO [31]
(green) and CLEO [32] (blue) are shown. The
value Fη(0, 0) is taken from PDG [4]. Error
bars indicate total uncertainties.
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Figure 7: Momentum dependence of the
spacelike TFF of η′. Data from CELLO [31]
(green), L3 [39] (orange), and CLEO [32]
(blue) are shown. The value Fη′ (0, 0) is taken
from PDG [4]. Error bars indicate total un-
certainties.
agreement with LO and NLO pQCD predictions, as will be discussed in more
detail in Section 3.6.6. However, the prediction of the VMD model significantly
underestimates the data.
A similar measurement is currently performed by the BESIII Collabora-
tion [40]. Based on more than 10 fb−1 of collision data collected at and above the
peak of the Ψ(3770) resonance, the double virtual TFF of pi0, η, and η′ are under
investigation. It is expected to provide information at Q21 ≈ Q22 ' O(1 GeV2),
which is of special interest for the calculations of the hadronic light-by-light
contribution for aµ.
3.3. Experimental situation on timelike pi0, η, η′ TFFs
Timelike TFFs of pseudoscalar mesons M are investigated at e+e− collider
experiments by measuring the cross section of their radiative production in
e+e− → Mγ. The cross section of the annihilation reaction is directly propor-
tional to the squared, singly-virtual TFF: σMγ(q
2) = 2pi
2α3
3 |FMγγ∗(q2)|2. The
virtuality is defined by
√
s of the collider. Thus, investigations of the momen-
tum dependence call for energy scan experiments. In principle, all momentum
transfers q2 > m2M are accessible in this approach.
The measurement of the radiative production of pi0 is experimentally chal-
lenging. Detecting three photons in the final state has irreducible background
from the pure QED annihilation process e+e− → γγ(γISR). The only re-
sults published so far come from the CMD and SND experiments in Novosi-
birsk in Russia. The experiments have a long tradition in performing energy
scans with
√
s ranging from the hadron production threshold up to 2 GeV.
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Figure 9: Momentum dependence of the
timelike TFF of η. Data from SND [45, 46]
and CMD-2 [41].
Measurements have been performed over recent years exploiting the various
stages of expansion of the storage rings as well as the detectors. In Fig. 8
the most recent data are presented, taken with the CMD-2 detector at VEPP-
2M for 0.6 ≤ √s [GeV] ≤ 1.38 [41] and the SND detector at VEPP-2M for
0.6 ≤ √s [GeV] ≤ 1.4 [42, 43]. More recently the investigation were extended
up to
√
s = 2 GeV using the VEPP-2000 rings, however, signal events were not
observed for
√
s > 1.4 GeV [44]. The narrow peaks of the ω and φ resonances
dominate the distribution of the TFF.
Data above
√
s = 2 GeV has not been published, yet. The BESIII Collabora-
tion started to investigate the timelike TFF of pi0 at 3.773 ≤ √s [GeV] ≤ 4.36.
Combining data set with at total integrated luminosity of 9 fb−1, a result of
Fpi0γγ∗(q
2) can be expected at q2 = 16.49+2.51−2.25 GeV
2 with a statistical precision
in the order of 15% [47, 48].
Also the radiative production of η mesons has been studied by the CMD
and SND experiments in Novosibirsk. At the CMD experiment at VEPP-2M,
the investigation has been performed in parallel to the measurement of the pi0
discussed above exploiting the decay into two photons [41]. Meson production
is separated from QED background using the Dalitz plot of the three photons.
The resulting TFF is shown in Fig. 9 with purple symbols, covering momentum
transfers of 0.6 ≤ √s [GeV] ≤ 1.38. Towards the edges of this interval, only
upper limits of the cross section are determined. In the same energy region the
radiative production of η mesons was also studied by the SND experiment at
VEPP-2M. Using 27.8 pb−1, the mesons are tagged by their decay into three
pions, both charged and neutral. The resulting cross sections are illustrated
in Fig. 9 by orange and green symbols. The energy range was extended up
to q2 = 4 GeV2 by the more recent measurement of SND at the VEPP-2000
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machine, which allowed to measure the production of η mesons in the neutral
three pion decay mode.
At higher values of momentum transfer, data is available from the CLEO
and the BaBar Collaborations. In the investigation of radiative transitions of
ψ(3770), the CLEO Collaboration also estimated the cross section of the con-
tinuum contribution e+e− → γη(′) [37]. In a data set of 814 pb−1 acquired at√
s = 3.773 GeV, η mesons are reconstructed from both, charged and neutral
three pion decay modes, while the η′ is studied in η′ → pi+pi−η with the subse-
quent decay of η to two photons or three pions. Extrapolating the q2 behavior
from the timelike TFF measurement of BaBar, and taking into account the
spacelike CLEO result for the TFF, the cross sections σηγ = 0.19± 0.07 pb and
ση′γ = 0.25 ± 0.05 pb are determined. The corresponding timelike TFFs are
shown with open blue triangles in Fig. 4 and Fig. 5.
The measurement of the BaBar Collaboration has been performed on the
Υ(4S) peak, corresponding to a momentum transfer of q2 = 112 GeV2 [38].
Analyzing a data set of 232 fb−1, the common final state pi+pi−γγ is exploited to
determine the cross section for radiative production of η and η′. After carefully
evaluating potential background contributions, 20+5−6 ηγ and 50
+8
−7 η
′γ events are
reconstructed, corresponding to the cross sections σηγ = (4.5
+1.2
−1.1 ± 0.3) fb and
ση′γ = 5.4 ± 0.8 ± 0.3 fb. The timelike TFFs are calculated from the dressed
cross section and displayed with open black squares in Fig. 4 and Fig. 5.
The large momentum transfer of the data from CLEO and BaBar allows to
test the pQCD prediction of timelike and spacelike TFF running towards the
same values, the Brodsky-Lepage-limit. In Fig. 4 and Fig. 5 the CLEO results
are illustrated with open blue triangles and the BaBar results are shown as open
black squares. For both, the η as well as the η′ mesons, the results of the timelike
TFF either agree well with the spacelike measurement or are compatible with
the extrapolation of the spacelike data to larger values of momentum transfer.
Measurements similar to those of CLEO and BaBar are currently performed
at BESIII. Radiative transitions of charmonium resonances have been studied
and the continuum contributions are found to be negligible [49]. First stud-
ies of the continuum region are being performed. The performance of the
BEPCII accelerator allows to study the timelike TFF form momentum transfers
4 GeV2 ≤ q2 ≤ 21.16 GeV2 at BESIII [48]. A region, which is of interest for test-
ing the validity of pQCD prediction, and to shed more light on the BaBar-Belle
puzzle.
3.4. Dalitz decays of pi0, η, η′
Decays of pseudoscalar mesonsM into one real and one virtual photon, which
in turn decays into a lepton pair l+l−, are referred to as Dalitz decays. Since the
mesons are not pointlike objects, the decay rate depends on the squared timelike
TFF. The mass of the lepton pair ml+l− corresponds to the momentum transfer
of the virtual photon. Thus, Dalitz decays provide a unique tool to study the
TFF FM (q
2
1 , q
2
2) in the momentum range m
2
l+l− < q
2
1 < m
2
M , q
2
2 = 0. Depending
on the mass mM of the decaying meson, the leptons l can be either e
± or µ±.
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Figure 11: Slope parameter of the timelike η
transition form factor from Dalitz decays [54,
55, 56, 57]. The gray band shows the current
average value and its uncertainty listed by the
PDG [4].
The experimental results are usually presented in the form of a slope parameter
Λ2 at q2 = 0, extracted by a fit of the mass distribution with a single-pole
approximation. In the VMD picture, the slope parameter corresponds to the
effective mass of a virtual vector meson mediating the interaction.
Due to its small rest mass, the Dalitz decay of the pi0 can only proceed
through e+e− pairs. For more than twenty years, the most precise measure-
ments of the slope parameter were provided by the pion induced experiments at
TRIUMF [50] and the SINDRUM-I Collaboration at PSI [51]. The former used
a non-magnetic setup of three telescopes consisting of tracking detectors and
calorimeters, the latter performed their measurement with a magnetic spec-
trometer in cylindrical geometry composed of tracking chambers and plastic
scintillators. As illustrated in Fig. 10, both measurements yield rather large
uncertainties. The PDG included in their average also the slope parameter
determined from the measurement of the spacelike TFF by the CELLO Collab-
oration [31] discussed in Sec. 3.2.1. It should be noted that this slope parameter
is obtained by an extrapolation of the measurement at 0.3 ≤ Q2 [GeV2] ≤ 2.7 to
Q2 = 0 GeV2 based on a VMD model. The larger values of momentum transfer,
compared to the Dalitz decay, from which the slope parameter was extrapolated
gives room for model dependent effects.
Recently, two high precision measurements of the pi0 Dalitz decay and the
slope parameter of the TFF have been published. The A2 Collaboration used the
non-magnetic Crystal Ball and TAPS spectrometer setup at the tagged photon
beam facility of the Mainz Microtron MAMI to produce pions off protons [52].
Photo-production offers a large cross section close to the ∆(1232) without any
background from other physics processes. The published value of the slope
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of the TFF of Λ2pi0 = 0.61 ± 0.20 GeV2, where the uncertainty is the total
uncertainty, has been determined from 4 ·105 reconstructed Dalitz decay events.
A new measurement has already been announced by the A2 Collaboration,
aiming at doubling the statistical accuracy of the recent result of the NA62
Collaboration [53].
The NA62 result has been obtained from 1.11 · 106 reconstructed Dalitz
decays of the pi0, yielding a slope parameter value of Λ2pi0 = 0.495± 0.076 GeV2.
The pions were produced in the Kaon decays K± → pi±pi0, which were observed
from secondary beams with a central momentum of 74 GeV/c at the modified
NA48 beam line at CERN. The momenta of the charged decay products were
measured in a magnetic dipole spectrometer using drift chambers, while a LKr
calorimeter was used to determine the energies of photons.
Both, the result of the A2 Collaboration as well as of the NA62 Collaboration
consider radiative corrections according to Ref. [58]. In contrast to previous
calculations, the one-photon irreducible contribution at one-loop level, and the
virtual muon loop contribution are included. Also, the terms of order higher
than O(m2) are taken into account.
The Dalitz decay of the η meson can proceed through e+e− as well as µ+µ−
pairs. One of the first measurements of the TFF was carried out with the
lepton-G setup at the Institute for High Energy Physics in Serpukhov, Rus-
sia [54]. A 33 GeV/c secondary pion beam impinging on a liquid hydrogen
target was used to produce the mesons. Charged decay products are mea-
sured in a magnetic spectrometer, while neutral particles are registered in a
lead glass calorimeter. The slope parameter of the η TFF is determined as
Λ2η = (0.52± 0.13) GeV2 based on 600 reconstructed Dalitz decays η → µ+µ−.
More recently, the NA60 Collaboration also determined the TFF slope pa-
rameter using η Dalitz decay with muon pairs. A first measurement was per-
formed in peripheral In-In collisions at 158A GeV [55]. The muons are detected
in a spectrometer consisting of tracking stations in a toroidal magnetic field,
which is placed behind a hadron absorber. After subtracting combinatorial
background as well as the contribution of narrow resonances decaying directly
into muon pairs, the inclusive low-mass dimuon spectrum is fitted with the sum
of the expected contributions. The yield and the slope parameter of the η Dalitz
decay are floated in the fit. 9000 signal event candidates are identified, resulting
in the value of the slope parameter Λ2η = (0.513± 0.047tot) GeV2.
The measurement has been repeated using a high statistics data set of p−A
collisions, where a 400 GeV proton beam from the CERN SPS is impinging on an
arrangement of Be, Cu, In, W, Pb, and U targets [56]. From an approximately
ten times larger data sample compared to the peripheral In-In collisions, the
slope parameter of the η TFF is extracted as Λ2η = (0.517 ± 0.022tot) GeV2
by fitting the background subtracted, inclusive dimuon mass spectrum. As
illustrated in Fig. 11 it is the most precise measurement of the slope parameter
published so far.
In contrast to the previously mentioned investigations, the A2 Collaboration
measured the η Dalitz decay into e+e− pairs. Thus, the TFF can also be
measured in the momentum range m2ee ≤ q2 ≤ m2µµ, which puts additional
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constraints to fits determining the slope parameter at q2 = 0. The same setup is
used by the A2 Collaboration as discussed for the pi0 Dalitz decay, which allows
for the exclusive reconstruction of the final state. The meson are produced
in the photon induced reaction γp → ηp. Several measurements have been
performed determining the TFF slope parameter with increasing accuracy [59,
60]. The latest measurement is based on two rounds of data taking, from which
a kinematic fit based analysis determines 5.4 · 104 Dalitz decay events [57].
Studying the background contributions as well as systematic uncertainties for
different intervals of dilepton masses allows to present the TFF in 34 bins of
mee from 35± 5 MeV to 475± 15 MeV. The slope of the TFF is determined by
a fit of the distribution as Λ2η = (0.507± 0.028tot) GeV2.
The first measurement of the Dalitz decay of the η′ meson in e+e− pairs
has been reported recently by the BESIII Collaboration [61]. The mesons are
produced in the radiative decay of the J/ψ resonance. A data set of 1.31 · 109
inclusive J/ψ decays has been analyzed and 864± 36 events of η′ → γe+e− are
observed. Since the pole of the ρ meson resides within the mass range covered
by the lepton pairs, the single pole approximation of the TFF takes the form
|F (q2)|2 = Λ2(Λ2+γ2)(Λ2−q2)2−Λ2γ2 , where γ can be considered the width of the effective
vector meson mediating the interaction. The respective values are determined
as Λη′ = 0.79 ± 0.04stat ± 0.02syst and γη′ = 0.13 ± 0.06stat ± 0.03syst, which
improves on the values previously determined in the Dalitz decay into muon
pairs [62]. Further measurements of Dalitz decays of the η′ meson have been
announced by the A2 [63] and CLAS [64] Collaborations.
3.5. Meson decay processes involving two virtual photons
Pseudoscalar mesons decaying into two virtual photons are referred to as
double Dalitz decays. They allow to determine the TFF FM (q
2
1 , q
2
2) as function
of both virtualities. The range of virtualities covered is limited by the mass
mM of the decaying meson according to m
2
M = (q1 + q2)
2, with q2i = m
2
ee. The
double Dalitz decay was recently measured for the first time by the KLOE-2
Collaboration using data of the KLOE experiment [65]. A data set of 1.7 fb−1
taken at
√
s ' 1.02 GeV has been analyzed tagging the η meson production
with the monochromatic photon of φ→ γη. Background from external photon
conversion is rejected based on the correlation of decay vertex and mass of each
lepton pair, resulting in 362 ± 29 signal events, which allow to determine the
branching ratio.
Another decay mode of pseudoscalar mesons involving two virtual photons
in a loop are decays into lepton pairs. These are very rare processes and good
knowledge of the TFF is required for the prediction of the branching ratios. The
latest measurement of pi0 → e+e− was performed by the KTeV-E779 experiment
at Fermilab [66]. The pions are tagged in KL → 3pi0, where two of the three
pions are reconstructed in the two-photon decay mode. The signal mode is
separated from the Dalitz decay, which is used for normalization, by requiring
(mee/mpi0)
2 > 0.95. From the complete data set of E779-II 792 candidate events
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Figure 12: Left: Distribution of |Fφpi0 (me+e− )|2 measured by KLOE-2. The data are con-
fronted with the dispersive analysis of Ref. [67] (orange lower band and cyan middle band) and
Ref. [68] (blue dashed line), the chiral theory approach of Ref. [69] (upper green band), and
the one-pole VMD model (solid red line) of Ref. [70]. The figure is taken from Ref. [71] (Fig.4).
Right: Distribution of |Fφη(me+e− )|2 measured by KLOE-2. A fit to the data is shown with
the solid blue line. The blue dashed lines indicate the change of the result by varying Λφη
within ±1σ. The expectations according to VMD is shown in the pink dash-dotted line, and
for Ref. [72] with open red circles. The figure is taken from Ref. [73] (Fig.6).
are obtained with an expected background of 52.7± 11.2 events. The resulting
branching ratio exceeds the unitary bound by seven standard deviation.
Also Dalitz decay of vector mesons into pseudoscalars and a lepton pair
can be related to timelike double virtual TFFs of pseudoscalar mesons. One
virtuality is fixed to the mass of the vector meson, which is e. g. produced from
the virtual photon in an e+e− annihilation. The second virtuality is determined
by the mass of the lepton pair.
Recently, some attention has been drawn to the Dalitz decay of the ω meson.
The NA60 Collaboration provided a high statistics analysis of ω → pi0µ+µ− us-
ing the same data set and analysis methods as discussed for the η Dalitz decay
in section 3.4 [55]. A, compared to VMD models, unexpectedly steep increase of
the TFF towards large values of q2 is observed. The NA60 Collaboration con-
firmed the result in a second measurement [56]. The A2 Collaboration studied
the TFF in ωpi0e+e− [57]. They observed a less pronounced increase at large q2,
due to limited statistics their result is compatible with the NA60 data within
errors.
The KLOE-2 Collaboration studied the Dalitz decays φ → Me+e−, with
M = η [73] and more recently also M = pi0 [71] using the 1.7 fb−1 data set
of the KLOE experiment at
√
s ' 1.02 GeV. Reconstructing the η meson in
η → 3pi0 yields 29625 ± 178 Dalitz events after background subtraction. The
right panel of Fig. 12 shows the TFF as function of the lepton mass together
with a fit yielding a slope Λ2 = 0.781 ± 0, 061+0.055−0,048 GeV2, and the prediction
of [72], which aimed at providing a better description for the enhancement
observed in the TFF of ω → pi0l+l−. The analysis of φ→ pi0e+e− yields about
9500 signal events after subtracting the background contributions from external
photon conversion in φ→ pi0γ and Bhabha scattering. The left panel of Fig. 12
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shows the distributions of the TFF as function of the dilepton mass. The data
are confronted with different predictions, where the best agreement is achieved
by an Unconstrained Resonant Chiral Theory approach [69], illustrated with
the green band, the parameters of which were fitted to the ω → pi0l+l− data of
the NA60 experiment, discussed above.
3.6. Theoretical situation on pseudoscalar meson TFFs
3.6.1. Chiral anomaly
It is well known, that closed-loop triangle graphs result in the divergence of
the axial vector current, even for massless quarks. This effect is known as Adler-
Bell-Jackiw anomaly [74, 75, 76] and allows to couple pi0 to two vector currents.
On the level of hadrons, the chiral anomaly can be expressed in the form of the
parity-odd Wess-Zumino-Witten (WZW) effective Lagrangian [77, 78]. At tree
level it fixes the normalization of the pi0 TFF as:
F 0pi (0, 0) =
Nc
12pi2fpi
, (57)
where fpi = 0.0924 GeV is the pion decay constant and Nc is a number of
colors. For Nc = 3, the obtained value of FM (0, 0) ' 0.274 GeV−1 can be used
to calculate the neutral pion two photon decay width. Its value agrees very well
with the recent Primakov measurement [79].
3.6.2. Model approaches
To calculate the pseudoscalar pole contribution to aµ requires to account for
the internal structure of the mesons through their TFFs. The simplest model
is to assume vector-meson dominance (VMD) in a factorized form
FVMDM (−Q21,−Q22) = FM (0, 0)
M4V
(Q21 +M
2
V )(Q
2
2 +M
2
V )
, (58)
with FM (0, 0) taken according to Eq. (57). We quote the values of the param-
eters fM and MV used in Refs. [80, 81], which are used below as one model
estimate of the pseudoscalar pole contribution to aµ:
pi0 : fpi0 = 0.0924 GeV, MV = 0.7755 GeV,
η : fη = 0.093 GeV, MV = 0.774 GeV,
η′ : fη′ = 0.074 GeV, MV = 0.859 GeV, (59)
The VMD TFF has the drawback that it falls too fast for Q21 = Q
2
2 = Q
2  0,
namely as ∼ 1/Q4 whereas ∼ 1/Q2 is expected from the operator product
expansion (OPE) [82, 83].
Another model for the TFF, which was intensively used in the literature [80,
81, 84] is the so called LMD+V (lowest meson dominance + vector) parametriza-
tion [85]. It incorporates certain short-distance constraints from the operator
product expansion and has the following form
FLMD+Vpi0 (−Q21,−Q22) =
fpi
3
Q21Q
2
2(Q
2
1 +Q
2
2)− h2Q21Q22 + h5(Q21 +Q22)− h7
(Q21 +M
2
V1
)(Q21 +M
2
V2
)(Q22 +M
2
V1
)(Q22 +M
2
V2
)
. (60)
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The values of the parameters used for the pi0 in Refs. [80, 81] are given by:
MV1 = Mρ = 0.7755 GeV,
MV2 = Mρ′ = 1.465 GeV,
h2 = −10.63 GeV2,
h5 = (6.93± 0.26) GeV4,
h7 = −
3M4V1M
4
V2
4pi2f2pi
= −14.83 GeV6, (61)
Although this form improves on the VMD parameterization to implement the
perturbative QCD limit for the double virtual symmetric case Q21 = Q
2
2  0,
for the double virtual asymmetric case (Q21 6= Q22) it does introduce wiggles in
the parameterization at large Q2 due to the numerator, as will be shown further
on.
A generalization of the LMD+V form for the TFF was proposed in [86, 87,
88]. It is based on Canterbury approximants, which was first applied for the
singly virtual process [86, 87] (in the form of Pade´ approximants) and later on
in [88] generalized for the doubly virtual process. For the singly virtual process
the Pade´ approximant is defined as
FPade´M (−Q2) =
QN (Q
2)
RN ′(Q2)
= FM (0, 0)
(
1− bM Q2 + ...+O(Q2)N+N ′+1
)
, (62)
where QN (Q
2), RN ′(Q
2) are polynomials of degree N and N ′, respectively.
From one side, the low energy parameters of the Taylor expansion were deter-
mined by fitting to the experimental data. From the other side, the final TFF
is reconstructed via the use of Pade´ approximant, which is constructed in such
a way that it has the same Taylor expansion up to order O(Q2)N+N ′+1 and
incorporates the correct high-energy behavior. The convergence is guaranteed
by an assumption the TFF is a meromorphic function of Stieltjes type. A com-
parison between two consecutive elements in the sequence serves as an estimate
of the systematic error. The results for TFFs have been obtained in [86, 87].
The generalization to the doubly virtual process is expressed as
FPade´M (−Q21,−Q22) =
QN (Q
2
1, Q
2
2)
RN ′(Q21, Q
2
2)
(63)
= FM (0, 0)
(
1− bM (Q21 +Q22) + aM ;1,1Q21Q22 + ...
)
, (64)
where QN (Q
2
1, Q
2
2) and RN ′(Q
2
1, Q
2
2) are bi-variate symmetric polynomials. The
lowest two approximant reads as
C01 (Q
2
1, Q
2
2) =
FM (0, 0)
1 + bM (Q21 +Q
2
2)
, (65)
C12 (Q
2
1, Q
2
2) =
FM (0, 0)(1 + α1(Q
2
1 +Q
2
2) + α1,1Q
2
1Q
2
2)
1 + β1(Q21 +Q
2
2) + β2(Q
4
1 +Q
4
2) + β1,1Q
2
1Q
2
2 + β2,1Q
2
1Q
2
2(Q
2
1 +Q
2
2)
.
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Since there is no data yet for the double-virtual TFF, not all the parame-
ters could be fixed and one has to assume the generous band for aM ;1,1 ∈
[aminM ;1,1, a
max
M ;1,1] which add additional uncertainty in the aµ calculation. The
range of aM ;1,1 is taken to be the most physically accessible which does not
spoil the TFFs analytic properties. New BaBar data for the double virtual η′
TFF, as discussed in Section 3.6.6, may provide a test for such parameterization.
In addition, TFFs of the pseudoscalar mesons had been also analyzed using
the framework of Dyson-Schwinger [89, 90, 91] and various effective Lagrangian
based models [92, 93, 94, 95, 96].
3.6.3. Dispersion theory
Recently in [97, 98] an updated dispersive framework has been presented that
now incorporates the asymptotic behavior expected from perturbative QCD,
as discussed in Section 3.6.5. The framework based on the existing data for
e+e− → 3pi [99, 100, 101], e+e− → e+e−pi0 [42, 41, 43], the pi0 → γγ decay width
[79] and fundamental principles of the quantum field theory, namely unitarity,
analyticity and crossing symmetry. At low energies, isospin quantum numbers
are key to see which hadronic intermediate states contribute. Isovector and
isoscalar photons couples predominantly to two and three pions, respectively.
The latter can be approximated by the narrow vector resonances ω/φ, whose
contributions can be related to their transition form factors. The unsubtracted
double-spectral representation reads
F disppi0 (−Q21,−Q22) =
1
pi2
∫ ∞
4M2pi
dx
∫ ∞
sthr
dy
ρdisp(x, y)(
x+Q21
)(
y +Q22
) + (Q1 ↔ Q2),
ρdisp(x, y) =
q3pi(x)
12pi
√
x
Im
[(
FVpi (x)
)∗
f1(x, y)
]
, qpi(s) =
√
s
4
−m2pi, (66)
where FVpi (x) is the electromagnetic form factor of the pion and f1(x, q
2) is the
partial-wave amplitude for the γ∗(q)pi → pipi process. The FVpi (x) can be well
described by an Omne`s representation [102, 67] with the input from the pipi
P -wave phase shift [103, 104, 105] and the fit to the data [106] of the unknown
inelastic contributions from ρ′ and ρ′′. On the other side, the amplitude f1(x, q2)
is more complicated and requires the inclusion of the left-hand cuts by solving
a set of Khuri-Treiman equations [107, 108]. For q2 = M2ω, M
2
φ it probes the
corresponding Dalitz plot distributions [109, 67, 68]. In the initial version of
(66) given in [108] at least one subtraction was employed in order to reproduce
low energy theorem which relates the normalization to the pi0 → 2γ decay. In
this way, the asymptotic behavior was spoiled and formally speaking the TFF
was unfavored for an estimate of aµ. Progress was made by switching to the
unsubtracted representation with a cutoff in the integral and restoring the sum
rule by adding an effective pole. The part above the cutoff was approximated
by the perturbative QCD constraints. As a result, the full contribution can be
written in the double-spectral representation as
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Figure 13: Dispersive description of the pi0 spacelike single-virtual TFF for the low and
high energy regions. The dashed line refers to the Brodsky–Lepage limit 2fpi . Figure from
Refs. [97, 98].
Fpi0(−Q21,−Q22) =
1
pi2
∫ sm
0
dx
∫ sm
0
dy
ρdisp(x, y)(
x+Q21
)(
y +Q22
) (67)
+
1
pi2
∫ ∞
sm
dx
∫ ∞
sm
dy
ρasym(x, y)(
x+Q21
)(
y +Q22
)
+
geff
4pi2fpi
M4eff
(M2eff − q21)(M2eff − q22)
,
with asymptotic part
ρasym(x, y) = −2pi2fpi x y δ′′(x− y), (68)
and where sm is the matching scale between the dispersive and asymptotic
parts. The last VMD type term in (67) was added in [97, 98] and adjusted to
restore the sum rule related to pi0 → 2γ decay width and the asymptotic value
in the singly-virtual direction without affecting the doubly-virtual behavior at
O(1/Q2). The representation without adding an effective pole saturates the
low energy theorem at the level of 90% and Brodsky–Lepage (BL) limit [110,
111, 112] limQ2→∞Q2Fpi0(−Q2, 0) = 2 fpi at the level of 55%. We note that in
Eq. (67) the integrals with the mixed regions were discarded assuming that the
effective pole term is sufficient to absorb them. The resulting parameters geff '
0.1 and Meff = 1.5 − 2 GeV consistent with the assumption that it effectively
takes into account higher intermediate states and high-energy contributions.
In Fig. 13 we show the result for the pi0 space-like single-virtual TFF with
the uncertainty band [97, 98]. The prediction for the pion-pole contribution to
HLbL scattering reads
api
0-pole
µ = 6.26(0.17)Fpiγγ (0.11)disp(
0.22
0.14)BL(0.05)asym × 10−10
= 6.26+0.30−0.25 × 10−10. (69)
The uncertainties come from pi0 → 2γ decay width, the dispersive part (which
includes variation of the cutoffs between 1.8 and 2.5 GeV, difference between
31
several pipi phase shift representations, error from FVpi and e
+e− → 3pi fits),
the uncertainty related to Brodsky–Lepage (BL) limit (which is roughly +20−10%
around the leading order value) and finally the uncertainty from approximating
the asymptotic piece with sm = 1.7(3) GeV
2 (it ensures a smooth matching for
q21 = q
2
2 = −Q2). The first steps towards a similar dispersive analysis of the
double-virtual TFF for η/η′ have been shown in [113, 114]. However, the full
analysis of matching to perturbative QCD has not been performed so far.
3.6.4. Lattice QCD
In Ref. [115], a calculation of the double-virtual pi0 TFF was performed in
lattice QCD with two flavors of quarks, as is shown in Fig. 14 The lattice data
were found to be described by a three-parameter fit, either using the LMD
model or the LMD+V model. In both cases, the overall normalization of the
form factor comes out consistent with the prediction of the chiral anomaly, with
a statistical accuracy of 8 − 9%. In the case of LMD+V, the functional form
contains a sufficient number of parameters to be consistent with the theoreti-
cally predicted leading behavior at large Q2, both in the single-virtual and the
double-virtual case. Being unable to fit all the parameters, some of these pa-
rameters have been set to their phenomenological or to their “preferred” theory
values. In particular, the parameter determining the Fpi0(−Q2,−Q2) behav-
ior at large Q2 has been set to the OPE prediction, Eq. (79). The parameter
determining the large Q2 behavior in the single-virtual case comes out consis-
tent, albeit with large uncertainties, with the Brodsky-Lepage expectation as
given by Eq. (77) and the value for h5 in the LMD+V fit of Eq. (60) is con-
sistent with a fit to the CLEO data. Furthermore, the parameter h2 which
only enters the double-virtual and not the single-virtual form factor, comes out
as expected from theoretical expectations from higher-twist corrections in the
OPE, although with rather large uncertainty.
On the other hand, the popular VMD form factor model yields a bad fit to
the lattice data. The extracted normalization is not consistent with the chiral
anomaly and the VMD form factor fails to reproduce the double-virtual lattice
data for increasing spacelike momenta.
Ref. [115] has also presented a value for the pi0-pole HLbL contribution to
aµ, using the LMD+V fit, as:
api
0-pole
µ = (6.50± 0.83)× 10−10. (70)
Very recently, Ref. [116] reported an update of this result, including Nf =
2 + 1 ensembles with mpi ' 200 MeV. This new calculation improved on the
error of the previous result by more than a factor of two, resulting in a value:
api
0-pole
µ = (5.97± 0.36)× 10−10. (71)
The dominant sources of uncertainty in this latest lattice estimate are the sta-
tistical precision and the extrapolation to the physical point, followed by the
error on the disconnected contribution.
As an outlook for the future, a further improvement of the lattice result calls
for additional calculations with a larger volume at the physical pion mass.
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Figure 14: Lattice calculation and extrapolations for the VMD, LMD and LMD+V pi0 TFF
models [115]. Left: Single-virtual form factor. The horizontal black line corresponds to the
prediction from the Brodsky-Lepage limit of Eq. (77). Right: Double-virtual form factor at
Q21 = Q
2
2, the horizontal black line corresponds to the OPE prediction of Eq. (79). Figure
from Ref. [115].
3.6.5. Perturbative QCD
At sufficiently large momentum transfer, the pi0γ∗γ∗ TFF is a paradigm
for the application of perturbative QCD (pQCD) techniques to exclusive pro-
cesses [111, 112, 117]. In such limit, perturbative QCD predicts that the pi0γ∗γ∗
TFF factorizes into a perturbatively calculable hard-scattering kernel and a non-
perturbative meson distribution amplitude. The latter encodes the amplitude
to find the meson in a collinear qq¯ Fock state. In the collinear factorization
scheme (choosing the factorization scale proportional to the large virtuality),
the pi0 TFF with two non-zero spacelike virtualities, −q21 = Q21  0 and/or
−q22 = Q22  0, is given by [118]:
Fpi0(−Q21,−Q22) =
2fpi
6
∫ 1
0
dxφpi(x)TH(x,Q
2
1, Q
2
2), (72)
where fpi = 0.0924 GeV is the pion decay constant. Furthermore φpi(x) is
the pion distribution amplitude, which can be interpreted as the amplitude for
finding a pion in a collinear quark/antiquark state, with quark (anti-quark)
carrying a momentum fraction x (x¯ ≡ 1 − x) of the meson respectively. It
satisfies the normalization condition:∫ 1
0
dxφpi(x) = 1. (73)
The asymptotic distribution amplitude corresponds with φpi(x) = 6x x¯. In
Eq. (72), TH is the hard scattering kernel, which at leading order (LO) in the
strong coupling αs is given by
TLOH (x,Q
2
1, Q
2
2) =
2
(Q21 +Q
2
2)
{
1
1− ω (2x− 1) +
1
1 + ω (2x− 1)
}
, (74)
33
where the kinematic variable ω is defined as:
ω ≡ Q
2
1 −Q22
Q21 +Q
2
2
, (75)
with |ω| ≤ 1. The corresponding expressions at NLO (order αs) and NNLO
(order α2s) can be found in Ref. [118].
From Eq. (74), one deduces some special limits. For the case of the single
virtual TFF, Q22 = 0 and Q
2
1  0, one has ω = 1, and
TLOH (x,Q
2
1, 0) =
1
Q21
{
1
x¯
+
1
x
}
, (76)
which yields for an asymptotic pi0 distribution amplitude for Q21  0:
Fpi(−Q21, 0)→
2fpi
Q21
. (77)
Another special limit is the double virtual symmetric limit, Q21 = Q
2
2, corre-
sponding with ω = 0, and LO hard scattering kernel:
TLOH (x,Q
2
1, Q
2
1) =
2
Q21
. (78)
In this limit, one obtains for an asymptotic pi0 distribution amplitude for Q21 
0:
Fpi0(−Q21,−Q21)→
2
3
fpi
Q21
. (79)
In the general double virtual asymmetric case, one can integrate Eq. (72) for an
asymptotic pi0 distribution amplitude and obtains:
Fpi0(−Q21,−Q22)→
2fpi
(Q21 +Q
2
2)
f(ω), (80)
with
f(ω) ≡ 1
ω2
{
1− (1− ω
2)
2ω
ln
(
1 + ω
1− ω
)}
, (81)
which is an even function of ω. The above two special cases are obtained as
limits by noting that f(ω = 1) = 1 and f(ω = 0) = 2/3.
For the case of the pi0 single virtual TFF, the LO, NLO and NNLO pQCD
predictions of Ref. [118], for an asymptotic pi0 distribution amplitude, are shown
in Fig. 15. Although the NNLO predictions with an asymptotic distribution
amplitude show a good agreement with the BaBar and Belle data below Q2 =
10 GeV2, at larger Q2 there is unfortunately a disagreement between both data
sets, which leaves the onset towards the pQCD limit still as an open issue for
the pi0 TFF.
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3.6.6. Phenomenological interpolating parameterization of TFFs
In this section we will discuss phenomenological parameterizations for the
single and double virtual pi0, η, η′ TFFs, with the aim of estimating the pi0, η, η′
pole contributions to aµ.
We start with the single virtual TFF for M = pi0, η, η′, which we will pa-
rameterize by a monopole form:
FM (−Q2, 0) = FM (0, 0)
1 +Q2/Λ2
, (82)
where the TFF values for real photons FM (0, 0) are obtained from the experi-
mental two-photon decays widths, as given by their PDG2018 values [4]. The
mass parameters Λ2 are obtained from a one-parameter fit to the single virtual
TFF data shown in Figs. 15 and 16. For the pi0 data set, which includes the
new BESIII data with their high statistical accuracy in the lower Q2 range, we
perform two fits: one with all data up to 4 GeV2 included, and another one
which also includes the data up to 9 GeV2. The corresponding χ2 values are
calculated with only the statistical errors of the corresponding data sets. The
corresponding value and its error for the mass parameters Λ2 entering the pi0, η,
and η′ TFFs are given in Table 1.
M Γγγ FM (0, 0) Λ
2 χ2/d.o.f.
[keV] [GeV−1] [GeV2]
pi0 (7.635± 0.160)× 10−3 0.273± 0.003 0.611± 0.005 2.1 (< 9 GeV2)
0.574± 0.007 1.5 (< 4 GeV2)
η 0.516± 0.020 0.274± 0.005 0.587± 0.009 0.9
η′ 4.35± 0.25 0.341± 0.008 0.745± 0.007 1.3
Table 1: Parameters in the monopole fits for the single virtual TFF of pi0, η, and η′ according
to Eq. (82). The TFF values for real photons FM (0, 0) are obtained from the corresponding
two-photon decays widths Γγγ , which are taken from PDG2018 [4]. The mass parameters Λ2
are obtained from a one-parameter fit to the single virtual TFF data, shown in Figs. 15 and
16. We emphasize that only the statistical errors were used in the fits. For the pi0 two fits are
shown: one with all data up to 4 GeV2, and one with all data up to 9 GeV2.
In order to provide estimates for the pseudoscalar meson contribution to aµ,
we also need the knowledge of the corresponding double virtual TFFs. For this
purpose, we choose a parameterization with minimum number of free parame-
ters, and which satisfies the following three criteria: (i) the TFF is normalized
at the real photon point to the empirical value obtained from the two-photon
decay width, (ii) for the single virtual case, the TFF reduces to a monopole
form, which provides a very efficient one-parameter fit of the corresponding
TFF data over a wide range in Q2, (iii) in the limit of large Q21 and/or large
Q22, the TFF has to tend to the correct pQCD expression of Eq. (80). The
latter is obtained by noting that before the asymptotic regime is reached, the
quarks are not entirely collinear, having a finite transverse momentum. This
will introduce in the propagator denominators in Eq. (74) a scale corresponding
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with this average transverse momentum (which is expected to be in the order
of a few hundred MeV/c). We can account for this in a phenomenological way
by replacing the parameter ω of Eq. (75) by
ωΛ ≡
(
(Q21 −Q22)2 + Λ4
(Q21 +Q
2
2)
2 + Λ4
)1/2
, (83)
which we defined corresponding with 0 < ωΛ ≤ 1, where Λ2 can be interpreted
as proportional to a scale given by the average transverse momentum. We thus
propose to parameterize the double virtual TFF by extending Eq. (80) to the
interpolating formula
FM (−Q21,−Q22) =
FM (0, 0)
1 + (Q21 +Q
2
2)/Λ
2
f(ωΛ). (84)
Note that the single virtual limit, Q22 = 0, corresponds with ωΛ = 1, and because
of f(ωΛ = 1) = 1, we exactly obtain the monopole form of Eq. (82), which allows
to fix the only fit parameter Λ2 as given in Table 1. In the parameterization
of Eq. (84), the LO pQCD limit of the FF is not built in, and we make no
assumptions about the pion distribution amplitude. It is however interesting to
note from Fig. 15 that the empirical fit comes within 5 % of the NNLO pQCD
result with asymptotic distribution amplitude around Q2 = 10 GeV2. Note also
that the parameterization of Eq. (84) will satisfy the pQCD limit in the general
double virtual case, both for symmetric and asymmetric kinematics, as for large
virtualities ωΛ → |ω|. We like to note that in common parameterizations for
the pi0 TFF, which are used to estimate aµ, either the correct pQCD limit is
only satisfied for the single virtual case (e.g. for the VMD parameterization
of Eq. (58)) or for the double virtual symmetric (Q21 = Q
2
2) case (e.g. for the
LMD+V parameterization of Eq. (60)). The general double virtual case involves
a logarithmic dependence as given by Eqs. (80,81). We also like to note that
the parameterization of Eq. (84) is entirely smooth, as displayed in Fig. 17.
Recently, the BaBar Collaboration has released first data of the double vir-
tual TFF for the η′, both for symmetric and asymmetric kinematics at inter-
mediate and large momentum transfers. As the parameterization of Eq. (84) is
fully determined from the fit of the scale parameter Λ2 from the single virtual
TFF data, such double virtual TFF data provide a strong test of the validity
of the parameterization. We show this comparison in Fig. 18, which shows that
Eq. (84) provides a very good description of the data both for the symmetric
kinematics around 5 and 15 GeV2 as well as for the asymmetric kinematics. In
contrast, around 5 GeV2, the VMD prediction of Eqs. (58,59) is already around
a factor of 3 below the data.
The predictions for the pi0 double virtual TFF are shown in Fig. 19, where we
compare the interpolating formula of Eq. (84) to available VMD and LMD+V
parameterizations [80, 81] of Eqs. (58,59) and (60,61) respectively. We again see
that the VMD prediction drops very fast relative to the interpolating formula
of Eq. (84). We note that the LMD+V parameterization, which has the double
virtual symmetric pQCD limit of Eq. (79) built in, gives qualitatively similar
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Figure 17: Parameterization of Eq. (84) for the pi0 double virtual TFF. Upper panel:
Fpi0 (−Q21,−Q22)/Fpi0 (0, 0). Lower panel: (Q21 +Q22)Fpi0 (−Q21,−Q22) in GeV.
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Figure 18: Double virtual η′ TFF. Left panel: double virtual symmetric case, Q21 = Q
2
2. Right
panel: double virtual asymmetric case, with Q21 = 15 GeV
2 as function of Q22, normalized
to the single virtual TFF for the same Q21. The data points are from BaBar [26]. The solid
(black) curves with corresponding error bands are the predictions of the parameterization of
Eq. (84), with parameter Λ2 fixed from the single virtual TFF as in Table 1. The dashed
(blue) curves are the VMD prediction [80, 81]. The red dotted curve on the right panel is the
pQCD prediction.
results for the double virtual symmetric case, but shows an overshoot in the
range of 20% for the double virtual asymmetric case. Even at lower Q2 this
overshoot is visible, as shown in Fig. 20, which displays the pi0 double virtual
TFF in kinematics accessible at BESIII. As this region is crucial for an accu-
rate estimate of aµ, a corresponding measurement with a 10% accuracy, albeit
challenging, will provide an important test.
3.7. Pseudoscalar meson pole contributions to aµ
3.7.1. Spacelike 3-dimensional integral representation
The dominant hadronic contribution to aµ arises from the lightest meson
states coupling to two photons, shown in Fig. 21. As the lightest meson states
with large two-photon couplings are the pi0, η, η′ mesons, we will use the empiri-
cal information on the double virtual pi0, η, η′ TFFs discussed above to estimate
in this section the corresponding pseudoscalar pole contributions to aµ. The for-
malism has been pioneered in Ref. [119], where the two-loop integral of Fig. 21
is evaluated by a Wick rotation to Euclidean space, which allows to express the
corresponding pole contributions to aµ solely in terms of the single and double
virtual TFFs for spacelike momentum transfers Q21 and Q
2
2, with Q1 and Q2
denote the two independent Euclidean four-momenta in the two-loop process of
Fig. 21.
After an average over the muon momentum direction, and by using the
hyperspherical approach (using Gegenbauer polynomials), one can perform all
angular integrals in the two-loop integral except for one over the hyperangle
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2 as function of
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Figure 21: Single meson pole HLbL contributions to aµ. The dashed lines correspond with
the meson states.
θ (with cos θ ≡ τ) between the Euclidean four-momenta Q1 and Q2. In this
way one obtains a three-dimensional integral representation, over τ as well as
over both virtualities, which are denoted (for simplicity of notation) by Qi ≡√
Q2i (i = 1, 2) as [80]:
aMµ =
(α
pi
)3 ∫ ∞
0
dQ1
∫ ∞
0
dQ2
∫ +1
−1
dτ (85)
×{w1(Q1, Q2, τ)FM (−Q21,−Q23)FM (−Q22, 0)
+w2(Q1, Q2, τ)FM (−Q21,−Q22)FM (−Q23, 0)
}
,
with Q23 ≡ Q21 +Q22 + 2Q1Q2 µ τ . In Eq. (86), the weighting functions w1 and
w2 were derived in Refs. [80, 81], and can be expressed as:
w1(Q1, Q2, τ) =
2pi
3
Q21Q
2
2
√
1− τ2
Q23
1
Q22 +m
2
M
(86)
×
{
−8
√
1− τ2
(
Q22
m2
− 2
)
arctan
(
z
√
1− τ2
1− z τ
)
+ 4 τ
− τ Q
2
1
m2
(1−Rm1)2 − 2
m2
[
2Q1Q2 (1− τ2)−Q21 τ
]
(1−Rm1)
}
,
w2(Q1, Q2, τ) =
2pi
3
Q21Q
2
2
√
1− τ2
Q23
1
Q23 +m
2
M
(87)
×
{
8√
1− τ2
[
1− τ2 + 1
m2
(Q21 +Q1Q2 τ)
]
arctan
(
z
√
1− τ2
1− zτ
)
+ 4 τ
− τ Q
2
2
m2
(1−Rm2)2 + 4
m2
[
Q1Q2 +Q
2
2 τ
]
(1−Rm2) + 2 τ Q
2
1
m2
(1−Rm1)
}
,
with m the muon mass, Rmi ≡
√
1 + 4m2/Q2i (for i = 1, 2), and where z is
defined as:
z ≡ Q1Q2
4m2
(1−Rm1)(1−Rm2). (88)
In Table 2, we estimate the pseudoscalar pole contributions by using different
parameterizations for the double virtual TFFs for the pi0, η, and η′ mesons. We
show the early estimates within the HLS model [120, 121] and ENJL model [92],
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as well as the non-pole estimate from Ref. [122], corresponding with a pointlike
coupling at the external vertex, and an on-shell LMD+V TFF at the internal
vertex. Furthermore, we show the results for the VMD parameterization of
Eqs. (58, 59) for the η, and η′ states [80, 81], the LMD + V parameterization
of Eqs. (60, 61) for the pi0 [80, 81], the Pade´ estimate [88], as well as the
dispersive [97, 98] and lattice [115, 116] estimates for the pi0 pole. Lastly, we
also show the interpolating parameterization of Eq. (84) for pi0, η, and η′ mesons,
with parameter values given in Table 1 (for the pi0 we use the fit to all single
virtual TFF data below 9 GeV2, including the recent BESIII data).
model pi0 η η′ sum
HLS [120, 121] 5.7± 0.4 8.3± 0.6
ENJL [92] 5.9± 0.9 8.5± 1.3
MV [122] 7.7 1.8 1.8 11.4± 1.0
N/JN09 [80] 7.2± 1.2 1.5± 0.5 1.3± 0.4 9.9± 1.6
Pade´ [88] 6.4± 0.3 1.6± 0.1 1.4± 0.2 9.4± 0.5
dispersive [97, 98] 6.3± 0.3 - - -
lattice [115] 6.5± 0.8 - - -
lattice [116] 6.0± 0.4 - - -
Eq. (84) this work 5.6± 0.2 1.5± 0.1 1.3± 0.1 8.4± 0.4
Table 2: Pseudoscalar meson pole contributions to aµ (in units 10−10). The N/JN09 es-
timate [80] employs the LMD+V parameterization pi0 and VMD parameterization for η, η′.
The MV estimate [122] is a non-pole contribution, corresponding with a pointlike coupling
at the external vertex, and an on-shell LMD+V TFF at the internal vertex. The last entry
corresponds with the one-parameter interpolating fit of Eq. (84), with parameter values given
in Table 1.
For the pi0, the interpolating fit result is about 20% smaller than the LMD+V
result, which is a reflection from the corresponding double virtual TFFs shown
in Figs. 19 and 20, where it can be seen that the LMD+V result is larger
than the interpolating parameterization of Eq. (84) over the whole Q2 range.
Note that around 85 % of the pi0 contribution to aµ arises from the region
Q21, Q
2
2 < 1 GeV
2.
We note that for the η and η′ states, the comparison between the aµ val-
ues using the VMD and interpolating parameterizations are consistent in their
central values, although the VMD fits underestimate the double virtual TFF
strongly at larger Q2, as can be seen from Fig. 18. We checked that the similar
central value between the VMD fit and the interpolating fit of Eq. (84) arises
due to the larger VMD results for the double virtual TFF for Q2 < 1 GeV2,
which offsets the smaller results at larger Q2 values, which contribute less to
the integrals.
We also note from Table 2, that using the interpolating parameterization
of Eq. (84), which have only one fit parameter, which is obtained from a fit to
the single virtual TFF data, the corresponding uncertainties are significantly
reduced. At intermediate and larger Q2 values, it was shown in Fig. 18 that the
interpolating parameterization of Eq. (84) is consistent with the recent BaBar
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data for the η′ double virtual TFF. To validate the parameterization, it will
be important to cross-check the double virtual TFF also at lower Q2 values,
around and below 1 GeV2, which can be done at BESIII.
3.7.2. Dispersive representation
A data driven approach for calculating aµ based on the analytic properties of
the muon’s electromagnetic vertex function was presented in Ref. [123]. In this
approach, aµ is expressed through a dispersive integral over the discontinuity
of the muon’s electromagnetic vertex function, which in turn can be related
to observables. Defined as a static limit (k2 = 0, with k being the photon
momentum) of the Pauli form factor F2(k
2), the anomalous magnetic moment
can be extracted from the vertex function by a projection technique as was
elaborated in [124, 125]. When analytically continued to complex values of
the external photon’s virtuality k2, the muon’s electromagnetic vertex function
possesses branch point singularities joining the physical production thresholds,
as is dictated by unitarity. Using Cauchy’s integral theorem, the Pauli form
factor can be represented as an integral along a closed contour avoiding the cuts
and extended to infinity. Assuming that the form factor vanishes uniformly
when k2 tends to infinity the contour integral reduces to an integral of the form
factor’s discontinuity Disck2F2(k
2) along the cut in the k2-plane starting from
the lowest branch point:
F2(0) =
1
2pii
∞∫
0
dk2
k2
Disck2 F2(k
2). (89)
 
 
 
 
 
 
 
Figure 22: Unitarity diagrams contributing to the imaginary part of the vertex function.
The cut indicates the on-shell intermediate state.
The branch cuts of the Pauli form factor F2(k
2) are related to the propa-
gators of virtual particles and non-analyticities of the HLbL tensor. The latter
possesses two types of discontinuities, the corner (one-photon) and cross (two-
photon) cuts. The corner cuts are related to a conversion of a photon to a
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hadronic state with negative C-parity, while the cross cuts are related to a two-
photon production of a C-even hadronic state. As the dominant contributions
originate from the lowest thresholds it is mainly governed by intermediate states
including pions. In particular, the lowest threshold in the C-odd channel is re-
lated to a pi+pi−-pair production and in the C-even channel to a pi0 intermediate
state. By virtue of unitarity, these discontinuities are related to amplitudes of
two-photon and e+e− hadron production processes, which are accessible exper-
imentally. Taking into account the analytical structure of the HLbL tensor,
the discontinuity in Eq. (89) is obtained as a sum of nine topologically differ-
ent contributions, which are graphically represented by unitarity diagrams in
Fig. 22. On a practical level, the contribution of a particular unitarity diagram
is obtained by replacing the cut virtual propagators in the two-loop integral by
corresponding delta functions, and the cut vertices by their appropriate discon-
tinuities. As an example for the first diagram in Fig. 22, it implies:
DiscF2(k
2) = e6
∑
λ1,λ2,λ3,λ
(−1)λ+λ1+λ2+λ3
∫
d4q1
(2pi)4
∫
d4q2
(2pi)4
(2pii)δ(q22)
q21(k − q1 − q2)2
×Lλ1λ2λ3λ(p, q1, k − q1 − q2, q2)Disc(k−q2)2Πλ1λ2λ3λ(q1, k − q1 − q2, q2, k)
((p+ q1)2 −m2) ((p+ k − q2)2 −m2) ,
(90)
where Lλ1λ2λ3λ denotes the leptonic helicity amplitude, with λ the helicity of
the external photon, and λi (i = 1, 2, 3) the helicities of the internal photons.
Furthermore, the non-perturbative discontinuity function Disc(k−q2)2Πλ1λ2λ3λ
in Eq. (90) is directly related to amplitudes of processes γ∗γ∗ → X and γ∗ →
γX, with X denoting a C-even hadronic state, for details see Ref. [123].
To set up and test the technique for evaluating the phase space and disper-
sion integrals, Ref. [123] considered a well-studied approximation for the HLbL
amplitude based on the large-Nc limit [119]. In such approximation, the ana-
lytic structure of the HLbL amplitude is governed by simple poles. While in the
C-even channel it is defined by a pole due to an exchange of the pseudoscalar
meson (corresponding to pi0, η and η′ exchanges), in the C-odd channel it is
governed by a vector state exchange which can be confronted with the VMD
model. As a result the HLbL amplitude is approximated by pole terms of the
form:
Πpole(q1, k − q1 − q2, q2, k) = |FM (0, 0)|
2
((q1 + q2)2 −m2M )
× 1
(q21 − Λ2)(q22 − Λ2)((k − q1 − q2)2 − Λ2)(k2 − Λ2)
, (91)
plus two additional terms obtained by crossing. Here mM and Λ denote masses
of the pseudoscalar (M) and vector (V ) mesons respectively and FM (0, 0) stands
for the pseudoscalar meson transition strength into real photons. The resulting
analytic structure of the two distinct contributions to the muon’s electromag-
netic vertex function arising from such pole terms is equivalent to the structure
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of the two-loop diagrams shown in Fig. 23. The process of computation is il-
lustrated on the example of the first topology, illustrated by the diagram in
the left panel of Fig. 23. The contribution of the second topology (right panel
of Fig. 23) has a similar structure and is computed in an analogous way. We
can consider the dispersive integral for F2(k
2) multiplied by (k2 − Λ2), which
removes the pole in k2 and its related discontinuity. The remaining disconti-
nuities may be separated in two and three-particle cuts. The two-particle cuts
include the γM and VM intermediate states. The three-particle cuts include:
γγγ, γγV , γV γ, V γγ, γV V , V γV , V V γ, V V V intermediate states. Graphi-
cally they are represented by cuts shown in the left panel of Fig. 23 for the case
of γM (two-particle) and γγγ (three-particle) intermediate states. The lowest
threshold for the two-particle cut is located at k2 = m2M corresponding to γM
intermediate state. For the three-particle discontinuity it is k2 = 0 related to
the γγγ cut. Thus the dispersion integral has the form
F2(0) =
1
2pii
∞∫
m2M
dk2
k2
Disc2F2(k
2) +
1
2pii
∞∫
0
dk2
k2
Disc3F2(k
2), (92)
with Disc2F2(k
2) and Disc3F2(k
2) denoting the sum of two- and three-particle
discontinuities. The resulting phase-space integrals and the one-loop insertions
have been evaluated partially analytically with the subsequent numerical com-
putation in Ref. [123], see [126] for some technical details in the case of scalar
field theory.
Figure 23: The two topologies of the HLbL contribution to aµ in the pole approximation
and examples of the two-particle (dashed) and three-particle (dotted line) cuts for the first
topology. The wavy lines stand for photons, whereas the double-dashed (double-solid) lines
stand for pseudoscalar (vector) meson poles.
Using the dispersive setup, Ref. [123] analyzed the dependence of the HLbL
contribution to aµ on the pseudoscalar meson mass M . For a test, the result
is compared with the 3-dimensional integral representation by evaluating the
two-loop integral in Euclidean space, according to the method presented in the
section 3.7.1. The contributions of the two types of discontinuities, their sum
and the result of the conventional integration depending on the pseudoscalar me-
son mass are shown in Fig. 24 for the quantity aµm
3
M/(αΓγγ). When comparing
the result obtained by the two different methods one finds an exact agreement
confirming the consistency of the adopted procedure.
45
Figure 24: The value of the HLbL pseudoscalar pole contribution due to the diagram of topol-
ogy (1) (left panel in Fig. 23) to aµm3M/(αΓγγ) depending on the mass of the pseudoscalar
meson, with Γγγ the two-photon decay width of the pseudoscalar meson. The blue dashed
(red dotted) curve represents the contribution of the two (three) particle cuts. Their sum is
denoted by the black dashed-dotted curve. The result of the direct evaluation of the two-loop
integral is illustrated by the pink solid curve.
3.7.3. Schwinger sum rule
The above dispersive frameworks calculate the hadronic corrections to aµ by
summing over the individual hadronic channels. It was proposed in Ref. [127]
that it is in principle possible to measure the hadronic contributions to aµ
directly through use of a sum rule, referred to as Schwinger sum rule [128, 129]:
aµ =
m2
pi2α
∫ ∞
ν0
dν
[
σLT (ν,Q
2)
Q
]
Q2=0
= lim
Q2→0
8m2
Q2
∫ x0
0
dx [g1 + g2](x,Q
2) , (93)
where m is the muon mass, and where σLT (ν,Q
2) is the longitudinal-transverse
photo-absorption cross section of a polarized virtual photon with energy ν and
spacelike virtuality Q2 on a muon target with transverse spin. The last line
in Eq. (93) is the equivalent expression in terms of the muon spin structure
functions g1 and g2. A measurement involves the same type of experiment as
to access the transverse spin structure of the proton.
The Schwinger sum rule can be applied both for the HVP and HLbL contri-
butions to aµ, and it was demonstrated in Ref. [127] that it exactly reproduces
the standard expression for the HVP.
Although a direct experiment to measure the HLbL contribution to aµ using
Schwinger’s sum rule seems challenging, as it involves subtractions of large QED
backgrounds in electron-muon collisions, as well as the measurement of a struc-
ture function over a large energy range, the Schwinger sum rule may be very
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useful as a theoretical tool, as it requires different input as the above dispersive
techniques. As an example, it was discussed that the pi0 HLbL contribution
involves the Primakoff mechanism as well as the meson-lepton-lepton coupling,
which is fixed from the decay width of pseudoscalar mesons into leptons (i.e.
pi0 → e+e− and pi0 → µ+µ−). It may thus e.g. provide a constraint on the
double-virtual TFF entering these leptonic decays.
4. Photon-photon fusion processes into two mesons
The next important contribution beyond lightest pseudoscalar mesons (pi0,
η and η′) comes from pairs of two pseudoscalar mesons, which we consider in
this section.
4.1. Observables for the γ∗γ∗ →MM processes
The two-photon fusion reaction γ∗γ∗ →MM is a subprocess of the unpolar-
ized doubled tagged process e+(k1)e
−(k2) → e+(k′1)e+(k′2) M(p1)M(p2) which
is given (in Lorenz gauge) as
iM = i e
2
q21q
2
2
[v¯(k1) γµ v(k
′
1)] [u¯(k
′
2) γν u(k2)]H
µν , (94)
Hµν = i
∫
d4x e−i q1·x〈M(p1)M(p2)|T (jµem(x) jνem(0))|0〉 ,
where the momenta of the leptons k′2 and k
′
1 are detected. This corresponds
with the kinematical situation where the photons with momenta q1 and q2 have
finite spacelike virtualities q21 = −Q21 and q22 = −Q22. If only one lepton is
detected, then one of the photons is quasi-real, i.e. q21 ' 0. The hadron tensor
Hµν satisfies gauge invariance, i.e. q1µH
µν = q2ν H
µν = 0. By contracting the
hadronic tensor Hµν with polarization vectors, one defines helicity amplitudes
Hλ1λ2 ,
µ(q1, λ1) ν(q2, λ2)H
µν ≡ eiφ(λ1−λ2)Hλ1λ2 . (95)
From the helicity amplitudes it is straightforward to obtain the differential cross
sections
dσTT
d cos θ
=
βpipi(s)
128pi
√
X
(|H++|2 + |H+−|2) , (96)
dσTL
d cos θ
=
βpipi(s)
64pi
√
X
|H+0|2 , dσLT
d cos θ
=
βpipi(s)
64pi
√
X
|H0+|2 ,
dσLL
d cos θ
=
βpipi(s)
64pi
√
X
|H00|2 , β(s) = 2p(s)√
s
where p(s) is the c.m. momentum of the final state and X is defined as in
Eq. (16). The quantities σTT , σTL, σLT and σLL enter the cross section for the
process e+e− → e+e+X with X = MM given in Eq.(15). The latter sets the
convention for the longitudinal polarization vectors and the flux factor.
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Figure 25: Total cross sections for γγ → pi+pi− (| cos θ| < 0.6), γγ → pi0pi0 (| cos θ| < 0.8),
γγ → ηη (| cos θ| < 1.0), γγ → pi0η (| cos θ| < 0.9), γγ → K+K− (ARGUS | cos θ| < 1.0, TPC
and Belle | cos θ| < 0.6), γγ → K0K¯0 (CELLO | cos θ| < 0.7, TASSO | cos θ| < 0.87) and
γγ → KSKS (| cos θ| < 1.0). The data are taken from [130, 136, 137, 138, 131, 132, 135, 139,
140, 141, 133, 142, 143, 134]. The Born result for γγ → pi+pi− and γγ → K+K− is shown by
the black curves.
4.2. Experimental situation of γ∗γ∗ →MM processes
4.2.1. Untagged data
The study of the two-photon fusion reactions entered a new era after the
Belle Collaboration measured exclusive hadronic pi+pi− [130], pi0pi0 [131], pi0η
[132], K+K− [133], K0SK¯
0
S [134] and ηη [135] productions with high statistics,
more than a few orders of magnitude higher than any previous measurements
[136, 137, 138, 139, 140, 141, 142, 143]. Two-meson production is an ideal
reaction for a systematic study of the properties of scalar, i.e. f0(500), f0(980),
a0(980), and tensor f2(1270) and a2(1320) resonances and allows to extract the
two-photon couplings of them. Experimentally, the two-photon reactions are
studied at e+e− colliders.
On Fig.25 (left-panel) we show γγ → MM (M = pi,K, η) cross sections
which indicate that the dominant contribution to aµ calculation comes from the
charged two-pion channel. The data from the Belle Collaboration with inte-
grated luminosity 85.9 fb−1 shows a clear signal for f0(980) and f2(1270) reso-
nances. The former was detected for the first time in the γγ reaction, compared
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Figure 26: Upper panels: Integrated total cross section for γγ∗ → pi0pi0 for two bins Q2 = 3.5
GeV2 ( = 0.82) and Q2 = 4.5 GeV2 ( = 0.88) . Lower panels: Q2 dependence of the
TFFs of the f2(1270) resonance for helicity Λ = 2 (left panel) and Λ = 1 (right panel). The
experimental data are taken from [19].
to the previous data from the Mark II [136] and CELLO [137]. Unfortunately,
the measured invariant mass range 0.8 GeV <
√
s < 1.5 GeV did not cover the
low and intermediate regions due to the difficulty in discriminating µ± from pi±.
In that region, there is only data from Mark II Collaboration [136] with large
error bars. Measurements of the cross-section at low energy play a significant
role for the pion polarizability determination [144] and are of prime importance
for the HLbL contribution to aµ. For the neutral channel, the Crystal Ball Col-
laboration with the integrated luminosity of 97 pb−1 observed a broad bump
around 500 MeV, which corresponds to f0(500), and a clear resonance at higher
energies that corresponds to f2(1270) [138]. Besides, at intermediate energy,
there is a hint of the f0(980) resonance, which was later confirmed by the high
precision Belle data, where f0(980) shows up as a clear signal [131]. The cross
sections for γγ → ηη have been obtained in [135], which are very much sup-
pressed (∼ 1 − 4 nb) compared to the other channels. On Fig. 25 (right-panel)
we show γγ → piη cross-section, where data indicate two clear peaks due to
a0(980) and a2(1320) resonances. The latest measurement was performed by
the Belle Collaboration [132], with an integrated luminosity of 223 fb−1. We
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expect this channel to be the second most important multi-meson contribution
to aµ after the two-pion channel. Regarding the two kaon channel shown in
Fig. 25 (bottom panels), the data from Belle is available for γγ → KSKS [134]
and γγ → K+K− [133]. The latter is the dominant channel. However, the data
do not cover the region around the f2(1270) and a2(1320) interference and starts
only from 1.4 GeV. The existing data from ARGUS [141] indicate the drastic
reduction of the Born term contribution due to re-scattering effects in the low
energy region [145, 146, 147] and become sizable only around 1.3 GeV. High
statistics data from the BESIII Collaboration for γγ → K+K− in the region
1.0 GeV <
√
s < 2 GeV currently is under analysis.
4.2.2. Single tagged data
A single-tagged measurement of the two-photon production of pi0 pairs has
been performed by the Belle Collaboration [19] based on a data sample of
759 fb−1. The kinematic range of the data is 0.5 GeV <
√
s < 2.1 GeV and
|cosθ| < 1.0 in the γγ∗ center-of-mass system. The differential and integrated
cross sections were measured in the Q2 range 3 GeV2 < Q2 < 30 GeV2. The
lowest two Q2 bins with 3.5 GeV2 and 4.5 GeV2 are shown in Fig. 26. Though
the uncertainties are quite large, the peak corresponding to the f2(1270) res-
onance is evident. Based on these data the transition form factors (TFFs) of
the f2(1270) resonance with the helicity-0, -1, and -2 were extracted separately
by parametrizing partial-wave amplitudes in a Breit-Wigner form supplemented
with a background. In Fig. 26 (lower panels) we show helicity -1, and -2 TFFs,
which are supposed to be dominant at low Q2. The effective parametrization of
the f2(1270) TFFs allows for an independent look at the f2(1270) contribution
into aµ using a narrow resonance description. The single-tag two-photon mea-
surement of pi0pi0 was followed by a measurement of the cross section for K0SK
0
S
in the same Q2 range. Current statistics allowed to estimate TFFs for f ′2(1525)
for the first time.
Currently, single tagged BESIII data for pi+pi− with the integrated luminos-
ity of 7.51 fb−1 in the range 0.2 GeV2 < Q2 < 2.0 GeV2 is under analysis [148].
The kinematic range of the data will cover the threshold region up to 2 GeV.
4.3. Theoretical description of γ∗γ∗ →MM processes
For simplicity we discuss the case of two pions in the final state assuming
that the generalization for the non-equal masses (like piη) can be performed
straightforwardly. Following the work of of Jacob and Wick [149], the hadronic
tensor Hµν contracted with polarization vectors can be decomposed into partial
wave amplitudes characterized by the total angular momentum J and helicities
λ1,2
Hλ1λ2 =
∑
J
(2J + 1)h
(J)
λ1λ2
(s,Q21, Q
2
2) d
(J)
Λ,0(θ) , (97)
where Λ = λ1 − λ2, d(J)Λ,0(θ) is a Wigner rotation function and θ is the c.m.
scattering angle. The two-photon initial state implies that the C-parity quantum
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number of the final particles should always be positive. For the case of two
real photons, this implies that the partial-wave expansion involves only even
J and positive parity, independent on the two Goldstone bosons in the final
state. However, when one or two photons are virtual, Bose symmetry of the two
initial photons is broken and C-parity quantum number excludes odd partial
waves only in the case of two pions due to their Bose symmetry. For the case of
piη, however, one can have an odd partial wave. The p-wave would correspond
to exotic quantum numbers JPC = 1−+.
4.3.1. Dispersion relations
In order to write down dispersion relations (DRs) for the γ∗γ∗ → pipi process,
one has to identify all the kinematic constraints of the p.w. helicity amplitudes.
While for the case of the on-shell photons, helicity amplitudes are not correlated
at any kinematic point, and one can write the corresponding dispersion relations
by just properly accounting for so-called barrier factors [150] this is no longer
the case for Q2i 6= 0. For instance, for the S-wave it holds [150, 151, 152]
h¯
(0)
++(s) ' s ,
h¯
(0)
++(s,Q
2) ' s+Q2 , (98)
h¯
(0)
++(s,Q
2
1, Q
2
2)± h¯(0)00 (s,Q21, Q22) ' s+ (Q1 ∓Q2)2 ,
where Qi ≡
√
Q2i (i = 1, 2) and
h¯
(J)
λ1λ2
≡ h(J)λ1λ2 − h
(J),Born
λ1λ2
, (99)
stand for the Born subtracted amplitudes. While the first two constraints of
Eq.(98) are required by the soft-photon theorem [153], the constraint for the
double-virtual case is not that straightforward. Eq.(98) can be most easily seen
by expanding the hadron tensor Hµν in terms of a complete set of invariant
amplitudes [154, 155, 156]. By construction, invariant amplitudes are free from
kinematic singularities or constraints and expected to satisfy a Mandelstam’s
dispersion representation. As a second step, one can express the invariant am-
plitudes in terms of the p.w. helicity amplitudes in order to pin down the kine-
matic correlations. As a result, for the S-wave the kinematically uncorrelated
amplitudes can be written as
h¯
(0)
i=1,2(s,Q
2
1, Q
2
2) =
h¯
(0)
++(s,Q
2
1, Q
2
2)± h¯(0)00 (s,Q21, Q22)
s+ (Q1 ∓Q2)2 . (100)
In general, for J 6= 0, it is a non-trivial task to derive these transformations
[157, 158]. In [159] for the single virtual case, the kinematically unconstrained
basis of the partial wave amplitudes were derived, which paves the way for the
double-virtual case [160]. After identifying all the kinematic constraints, one
can write a dispersion relation, the solution of which will unitarize the p.w.
amplitudes. It holds
h
(J)
I,i (s) = h
(J),Born
I,i (s) +
∫
L
ds′
pi
Disc h¯
(J)
I,i (s
′)
s′ − s +
∫ ∞
4m2pi
ds′
pi
Disc h¯
(J)
I,i (s
′)
s′ − s
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≡ ∆(J)I,i (s) +
∫ ∞
4m2pi
ds′
pi
Disch
(J)
I,i (s
′)
s′ − s , (101)
where all left-hand cut singularities (including Born contribution) represented
by ∆
(J)
I,i (s), I is the isospin (working in the isospin limit). The unitarity relation
for s ≥ 4m2pi can be written as
Disch
(J)
I,i = t
(J)∗
I ρ h
(J)
I,i , ρ =
βpipi(s)
16pi
θ(s− 4m2pi) , (102)
where ρ(s) is a two-body phase space factor and t
(J)
I (s) is the hadronic scatter-
ing amplitude, which is normalized as Im (t
(J)
I )
−1 = −ρ. Since the intermediate
states with two photons are proportional to e4, they are suppressed and a solu-
tion for the γ∗γ∗ → pipi process is fully determined by the hadronic rescattering
part. For the energy region above 1 GeV, it is necessary to take into account
the inelasticity. The first relevant inelastic channel is KK¯ which is required
to capture the dynamics of the f0(980) scalar meson. For the coupled-channel
case, the unitarity relation can be written in matrix form. See [161, 146, 162]
for more details.
The solution to Eq. (101) is given by the well known Muskhelishvili-Omne`s
(MO) method for treating the final-state interactions [102]. As it was pointed
out in [161], the usual method [102] is based on writing a dispersion relation for
the function,
(Ω
(J)
I (s))
−1(h(J)I,i (s)−∆(J)I,i (s)) , (103)
which by construction, has only a right-hand cut. In Eq.(103), Ω
(J)
I is the
Omne`s function, which has only the right-hand cut
Disc Ω
(J)
I = t
(J)
I ρΩ
(J)∗
I , (104)
and completely given in terms of the hadronic phase shifts. However, it is
useful to treat differently the model independent left-hand cut associated with
the QED Born term and the remaining part, which can be approximated by
resonance exchanges [161]. Instead of (103), one can consider
(Ω
(J)
I (s))
−1(h(J)I,i (s)− h(J),BornI,i (s)) , (105)
which now contains both right- and left-hand cuts. This leads to the following
dispersion relation,
h
(J)
I,i (s) = h
(J),Born
I,i (s) + Ω
(J)
I (s)
[
−
∫ ∞
4m2pi
ds′
pi
Disc (Ω
(J)
I (s
′))−1 h(J),BornI,i (s
′)
s′ − s
+
∫ sL
−∞
ds′
pi
(Ω
(J)
I (s
′))−1 Disc h¯(J)I,i (s
′)
s′ − s
]
, (106)
where sL defines the position of the left-hand singularity nearest to the physical
region due to non-Born intermediate t - and u- channel left-hand cuts. This
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particular separation is the most effective, because only Disc h¯
(J)
I,i (s) is required
as input. If one uses the effective field theory Lagrangian to model the left-
hand cuts, it will result in a bad high energy behavior and limit the range of
applicability of the dispersion result. However, the discontinuity along the left-
hand cut is typically asymptotically bounded at high energy and does not have
any polynomial ambiguities [161]. Besides, for the finite virtuality Disc h¯
(J)
I,i (s)
is unique for the vector pole contribution, which allows taking into account an
off-shellness of the photon by multiplying the vertex by the TFF.
We want to emphasize that the gauge invariance property, which results
in the constraints of Eq.(98), allows one to write an unsubtracted dispersion
relation and have a predictive power. Consequently, one can predict pion (gen-
eralized) polarizabilities, which encode the two-pion rescattering at low energy
and serve as a check of the low energy limit. It holds
1
2pimpi
h¯
(0)
++ = (α1 − β1) (s+Q2) + (α2 − β2)
(s+Q2)2
12
+ ... (107)
where (α1 − β1) and (α2 − β2) are dipole and quadrupole polarizabilities, re-
spectively.
4.3.2. Hadronic input
For the single-channel (elastic) description of the hadronic rescattering one
can use the Omne`s functions given in terms of the corresponding experimental
(or Roy analyses) phase shifts,
Ω
(J)
I (s) = exp
(
s
pi
∫ ∞
4m2pi
ds′
s′
δ
(J)
I (s
′)
s′ − s
)
, (108)
with the plausible guesses concerning its high-energy behavior. For the S-wave
isoscalar channel (which brings the main contribution to aµ), the single-channel
description covers only the f0(500) resonance region. It can be produced using as
input the phase shift from the single-channel inverse-amplitude method (IAM)
[163], as it was done in [152, 164]. In Fig. 27 we show pipi S-wave phase shifts from
the IAM compared to Madrid/Krakow Roy-equation analyses and experimental
data.
For a proper description of the f0(980) resonance one has to incorporate a
couple-channel {pipi,KK¯} dynamics
Ω
(0)
0 (s) =
(
Ω(s)pipi→pipi Ω(s)pipi→KK¯
Ω(s)KK¯→pipi Ω(s)KK¯→KK¯
)
. (109)
Unlike the single-channel case, there is no analytic Omne`s representation for
two or more channels. However, one can obtain a numeric solution. There are
several ways of accomplishing this. For two-dimensional matrices one can write
a dispersion relation based on Eq.(104) [165, 166]
Ω
(0)
0 (s) =
∫ ∞
4m2pi
ds′
pi
t
(0)
0 (s
′)ρ(s′) Ω(0)∗0 (s
′)
s′ − s , Ω(0) = 1, (110)
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Figure 27: Left panel: S-wave isoscalar pipi phase shifts from the single channel IAM (dotted
brown line), Roy analysis (dot-dashed red line) and coupled channel N/D approach (solid
black line). Right panel: Modulus of the corresponding Omne`s functions calculated using
(108) and IAM phase shift (dotted brown line), the pipi → pipi element of the coupled-channel
Omne`s solution of Eq.(110) with input from Roy analysis phase shift (dot-dashed red line)
and Omne`s function from the coupled-channel N/D approach (solid black line) as described
in the text.
with the input entering the t-matrix: the pipi phase shift, the modulus and phase
of the pipi → KK¯ amplitude. They can be taken from the Roy (Roy-Steiner)
analyses up to 1.3 GeV [167, 105, 168, 169] and above that point the phase
typically chosen to tend to 2pi [161, 170]. The latter imposes 1/s asymptotic
behavior of Ω
(0)
0 (s). A complementary approach is to use a dispersive summa-
tion scheme [158, 171] which is based on the N/D ansatz [172]. With the input
from the left-hand cuts which can be presented in a model-independent form as
an expansion in a suitably constructed conformal mapping variable, the set of
coupled-channel integral equations for the N -function can be solved numerically.
After solving the linear integral equation for N(s), the D-function (the inverse
of the Omne`s function) is restored. The unknown conformal mapping expansion
coefficients can be determined from fitting to Roy analyses for pipi → pipi,KK¯
[167, 105, 168, 169] and existing experimental data for these channels. Both
approaches are data-driven in the low energy, but different in their high en-
ergy assumptions. In particularly, in the second approach Disc (Ω
(0)
0 (s))
−1 is
asymptotically bounded at high energies making the dispersive integral (106)
numerically stable. The modulus of the two solutions for the pipi S-wave Omne`s
function is shown in Fig. 27 compared to a single-channel version of it. The
partial waves beyond S- and D-waves are typically approximated by the Born
terms.
4.3.3. Left-hand cuts
The most important left-hand cut contribution comes from the pion pole.
For the case of virtual photons, the off-shellness of the photon can be accounted
through the pion vector form factor, fpi(Q
2), which is determined as a matrix
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element of the EM current between the two on-shell pions
〈pi+(p′)|jµ(0)|pi+(p)〉 = e (p+ p′)µ fpi
(
(p′ − p)2) .
It was shown in [154] (see also [173]) using the fixed-s Mandelstam representa-
tion, that the pion-pole contribution coincides exactly with the scalar QED Born
contribution multiplied by the electromagnetic pion form factors. Experimen-
tally, precise data are available from both time-like and space-like [174, 175, 176]
regions. For the space-like region, one can adopt a simple monopole form in-
spired by the vector-meson dominance representation and fit the unknown mass
parameter directly to the data [159]. Another way is to use a description that
can profit from time-like high-statistics data as well. Both methods show that
the pion vector factor in the space-like regions can be calculated with almost
negligible uncertainties.
The next left-hand cuts should come from the multi-pion exchanges. In
practice, they can be approximated by the resonance exchanges. For the vector-
meson exchange, it can be obtained by the effective Lagrangian
LV Pγ = eCV µναβ Fµν ∂αP Vβ , (111)
where Fµν = ∂µAν − ∂ν Aµ and the couplings can be obtained from the PDG
values [4] for the partial decay widths
ΓV→Pγ =
e2 C2V
(
m2V −m2P
)3
24pim3V
. (112)
The off-shellness of the photon can be taken into account by the vector TFF
which is defined as
〈V (k, λ)|jµ(0)|pi(p)〉 = 2eCV fV,pi(Q2) µαβγkα pβγ∗(k, λ). (113)
As for the pion pole, one can show that for vector pole contribution Disch
(J),V exch
λ1λ2
(s)
is uniquely defined and does not have any polynomial ambiguities. For the elec-
tromagnetic transition form factor of the ω one uses the dispersive analysis from
[67, 68]. For the sub-dominant ρ contribution, one can use the VMD model [70].
Another way that would capture the finite ρ meson width is to write a spectral
representation with the γ∗pi → pipi amplitude as input [177]. Both form factors,
however, suffer from the unphysical high Q2 behavior, which is not encoded in
the dispersive analysis or in the VMD model. A simple modification has been
proposed in [178]
fV,pi(Q
2) =
1
1 +Q2/Λ2 +Q4/Λ˜4
. (114)
We will discuss this modification in the next section.
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4.3.4. Practical implementation
We start with an overview of the recent dispersive analyses listed in Ta-
ble 3, which follow the philosophy of [179, 180, 181, 150, 182]. In [183] a once-
subtracted dispersion relation was employed for the S-wave in order to extract
the two-photon coupling of the f0(500) meson. The unknown subtraction con-
stants were fixed from the Adler zero requirement in the γγ → pi0pi0 S-wave
amplitude and an assumption about pi+ dipole polarizability. The results ob-
tained in [183] show that the γγ → pi0pi0 cross section is very sensitive to the
choice of the γγ → pipi phase above the two kaon threshold. Indeed, Watson’s
theorem ensures that the phase φ of γγ → pipi equals the hadronic phase shift
δ in the elastic region. This is relatively good approximation for I = 2 chan-
nel, however in the isoscalar channel the elastic region extends roughly till KK¯
threshold. Above that energy, the phase of the γγ → pipi can continue to be-
have like the elastic scattering phase shifts δ
(0)
0 , or exhibit a sharp dip. The
cross section is sensitive to that choice already at energies of
√
s = 0.6 GeV.
A possible way out was suggested in [184, 185] based on the experimental in-
formation of the smallness of the f0(980) peak. It was proposed to use in the
dispersive analyses a pure Omne`s function (calculated with a hadronic phase
shift) multiplied by a first order polynomial when the phase shift is larger than
pi. It is equivalent to constructing the Omne`s function with a phase that satisfies
φ
(0)
0 = {δ(0)0 for s < spi; δ(0)0 − pi for s > spi}, where δ(0)0 (spi) = pi. This allows to
extend the validity of the single channel MO representation. The same prescrip-
tion was used in [151] for the single virtual case. In [186] Roy-Steiner equations
were derived and solved using MO representation with a finite matching point
[168, 187]. This implies a cutoff in the Omne`s function at sm = 1 GeV which
also generates a zero at s = sm. Recently, it was suggested in [152, 164] to
disentangle the effects of f0(980) in the single channel Omne`s function by ap-
proximating the γγ → pipi phase by a hadronic phase shift calculated using the
single-channel IAM [163]. The obtained phase shift takes the f0(500) resonance
into account, but never crosses pi (see Fig.27). As a result, the Omne`s function
(and the inverse of Omne`s function) is smooth around the two-kaon threshold.
An amplitude analysis was performed in [147, 188], where the KK¯ channel
was included. In the analysis, a dispersive way of calculating amplitudes was
only built in the low energy region
√
s < 0.6 GeV in a single channel manner,
similar to [183]. Above that energy a partial-wave amplitude analysis was per-
formed with the aim to determine the s-channel amplitudes from a simultaneous
fit to all the available data. Given the significant amount of fitted parameters
such method is currently not able to predict the data in other channels or to be
extended to the single (double) virtual case.
The coupled-channel MO equations were considered for a first time in [161,
190]. The dispersive integrals were over-subtracted and the unknown subtrac-
tion constants were determined from the fit to the cross section data. As a
result, the pion polarizabilities were extracted. It was also shown that in or-
der to construct the Omne`s representation for D-waves the contribution from
the Born left-hand cut should be supplemented by higher-mass intermediate
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Q2 = 0 Approach Inelast. N Range [GeV]
Pennington 2006 [183] Disp, Omne`s pipi, J = 0 0
√
s < 0.6
Oller et al. 2007 [184] Disp, Omne`s pipi, J = 0 0
√
s < 0.8
Hoferichter et al. 2011 [186] Roy-Steiner pipi 1
√
s < 1.0
Garcia-Martin et al. 2010 [161] Disp, Omne`s pipi,KK¯ 6
√
s < 1.3
Danilkin et al. 2017 [162] Disp, Omne`s piη,KK¯ (1)
√
s < 1.4
Q21 = 0, Q
2
2 6= 0
Moussallam 2013 [151] Disp, Omne`s pipi, J = 0 0
√
s < 0.8
Danilkin et al. 2018 [159] Disp, Omne`s pipi,KK¯ 1
√
s < 1.4
Deineka et al. 2018 [189] Disp, Omne`s piη,KK¯ 1
√
s < 1.4
Q21 6= 0, Q22 6= 0
Colangelo et al. 2017 [164] Roy-Steiner pipi, J = 0 0
√
s < 0.8
Table 3: Recent dispersive analyses of γ∗γ∗ → pipi, piη and KK¯. The third column shows the
number of parameter fitted to the real photon data, while the fourth column indicates the
range of the validity of the approach.
state exchanges. Extending such dispersive technique to the partial-wave helic-
ity amplitudes of the single virtual γγ∗ → pipi process is not straightforward,
as in addition to the well-known low-energy constraints, partial-wave ampli-
tudes exhibit kinematic constraints. Therefore, the first dispersive analyses of
γγ∗ → pipi [151] and γ∗γ∗ → pipi [164, 152] have been limited to the S-wave
and single-channel description which only covers the f0(500) resonance region.
Recently, these ideas were extended for the coupled-channel MO equations for
γγ∗ → pipi by including KK¯ intermediate states and D-waves [159], which allow
for a full dispersive formalism through the prominent f2(1270) tensor meson
region. These results will be shown below.
As for the other channels, a coupled-channel dispersive analysis at low en-
ergies of the γγ → KK¯, γγ → ηη and γγ → piη processes has been performed
in [146]. The latter was revisited in [162] by significantly reducing the number
of fitted parameters and adding the D-wave. In [189] the first result of the
single virtual process γγ∗ → piη has been presented. An important ingredient
in these calculations is a coupled-channel {piη,KK¯} Omne`s function which was
constructed in [191, 192]. An alternative form was suggested in [193] which yet
remains to be tested against γγ → piη data.
4.3.5. Numerical results
pipi channel: S-wave contribution
We start the discussion of the results with the S-wave contribution to γγ → pipi
cross sections. As it was found in [164, 152, 159], the rescattering of the Born
terms alone can be taken into account using the unsubtracted DR given in
Eq.(106). In this way one can predict the pion dipole polarizabilities as a check
of the low-energy limit
(α1 − β1)pi
±,pi-pole LHC
single channel = 5.4− 5.8× 10−4 fm3 [152] ,
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Figure 28: Generalized dipole polarizability difference for pi+ and pi0. Unsubtracted dispersive
prediction from [159] shown as a band between coupled- and single-channel analyses. The
latter is consistent with [164]. We also show the result from once subtracted dispersive study
[151] (dot-dashed curve) and chiral NLO result (dotted curve) [194, 195]. The COMPASS
data point is from [197].
(α1 − β1)pi
±,pi-pole LHC
coupled channel = 6.1× 10−4 fm3 [159] . (115)
This result is consistent with NNLO χPT [196]:
(α1 − β1)χPTpi± = 5.7(1.0)× 10−4fm3, (116)
and with the recent COMPASS measurement [197]:
(α1 − β1)exppi± = 4.0(1.2)stat(1.4)syst × 10−4fm3. (117)
The dipole polarizability for the neutral pion comes out as
(α1 − β1)pi
0,pi-pole LHC
single channel = 11.2...8.9× 10−4 fm3 [152],
(α1 − β1)pi
0,pi-pole LHC
coupled channel = 9.5× 10−4 fm3 [159], (118)
which is far away from the NNLO χPT value [198]:
(α1 − β1)χPTpi0 = −1.9(0.2)× 10−4fm3. (119)
The large value of the pi0 dipole polarizability is reflected in the absence of
the Adler zero. Nevertheless, this mismatch to χPT is hardly visible on the
γγ → pi0pi0 cross section, since its main contribution comes from the rescattering
process γγ → pi+pi− → pi0pi0. We note that the polarizabilities are saturated
by 90% from the dispersion integral over the low energies < 1.4 GeV. This is
no longer the case for the generalized polarizabilities. For instance, for Q2 =
0.5 GeV2, the generalized polarizbilities (α1 − β1)pi
±,pi-pole LHC
coupled channel = 0.86 × 10−4
fm3 and (α1 − β1)pi
0,pi-pole LHC
coupled channel = 1.62 × 10−4 fm3 are saturated by 70% from
the region < 1.4 GeV, indicating the importance of higher energies.
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Figure 29: Total and differential cross sections for γγ → pi+pi− (upper black curves) and
γγ → pi0pi0 (lower brown curves) taken from [159]. The coupled-channel (single-channel)
results are shown by the solid (dashed-dotted) curves. The Born result is shown by dashed
gray curves. The data are taken from [130, 131, 136, 137, 138].
The dipole polarizabilities for pi0 are expected to get large corrections once
vector-meson left-hand cuts are added since they are much stronger for the neu-
tral channel due to ω-exchange. However, any Lagrangian-based field theory
result has a bad high energy behavior and requires adding at least one subtrac-
tion in the dispersion relation to cure it. This reduces the predictive power of
the dispersion relations. With light vector mesons as additional left-hand cuts,
the once-subtracted result can be fixed to the COMPASS result for the pi± and
NLO χPT for the pi0 and K. As it was shown [159] the comparison between un-
subtracted and once-subtracted cases indicates a very similar description up to
about 1.1 GeV for Q2i = 0. However, since the finite Q
2 prediction from χPT for
the generalized polarizabilities are expected to be valid only in a very small Q2
region it is safer to stay with the unsubtracted dispersion relation. Results for
the generalized polarizabilities predicted from unsubtracted dispersion relation
and NLO χPT are shown in Fig. 28. In addition we show the curve from the
once-subtracted dispersive analyses given in [151]. In Ref. [151], vector-meson
left-hand cuts were added in the form of Eq.(103), which as we discussed above
do not correspond to the vector pole contributions. The unknown subtraction
functions were parametrized by a simple two parameter representation based on
the chiral limit arguments and a fit to the experimental data on e+e− → γpi0pi0.
One can see that the unsubtracted dispersion result predicts significant reduc-
tion of the generalized polarizability of pi+ compared to the NLO χPT. In turn,
the result from dispersive analyses given in [151] lies in between, but shows
an increasingly larger deviation with the unsubtracted dispersion result with
increasing Q2. Once the data from BESIII will be available, one can extract
generalized polarizabilities for each Q2 by performing a fit of the differential and
total cross sections.
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Figure 30: Predictions for total and differential cross sections for γγ∗ → pi+pi− (upper black
curves) and γγ∗ → pi0pi0 (lower brown curves) with Q2 = 0.5 GeV2 and full angular coverage
| cos θ| ≤ 1 taken from [159]. The coupled-channel (single-channel) results are shown by the
solid (dashed-dotted) curves. The Born result is shown by dashed gray curves.
pipi channel: D-wave contribution
While the contribution from the Born left-hand cut should be dominant at low
energies (due to small pion mass in the t-channel), a description the f2(1270)
region requires adding higher-mass intermediate states in the left-hand cuts
[161]. If one approximates them only with vector-pole contributions, then the
radiative decay coupling in SU(3) limit
gV ' Cρ±,0 ' Cω3 '
1
2
CK∗0 ' CK∗± (120)
can be fixed at the f2(1270) resonance position from the γγ → pi0pi0 cross
section [159]. Its value yields gV = 0.33 GeV
−1, which is well in agreement
with the PDG spread gV = 0.4(1) GeV
−1 [4]. We emphasize that this is the
only parameter that was adjusted to the real photon data in [159], within its
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Figure 31: Total cross sections for γγ∗ → pi+pi− (upper black curves) and γγ∗ → pi0pi0 (lower
brown curves) defined as σtot = σTT +  σTL (see Eq.(20)) with Q
2 = 1.5, 2.5, 3.5, and 4.5
GeV2 and full angular coverage | cos θ| ≤ 1. For Q2 = 3.5 GeV2 and Q2 = 4.5 GeV2 bins,  is
taken as in the experimental analysis, i.e. (Q2 = 3.5) = 0.82 and (Q2 = 4.5) = 0.88, while
for the other bins  = 0.9 was assumed. The Born result is shown by dashed gray curves. The
experimental data are taken from [19].
expected range. The results for the differential and total cross section are shown
in Fig. 29. One can see that one can achieve a reasonable description of the
charged and neutral channels with the exception of the intermediate region in
γγ → pi+pi− and a slightly stronger f0(980). This in principle can be fixed by
over-subtracting the dispersion relations and fitting this unknown subtraction
constant to the data, as it was done in [161]. However, this procedure lacks a
predictive power for the single or double virtual processes.
The prediction for the spacelike single virtual case using the unsubtracted
dispersion relation formalism from [159] is shown in Fig. 30 for σTT and σTL.
The latter is fully determined by the helicity-1 contributions and increases with
increasing Q2 in the low Q2 regime. For the σTT we emphasize the importance
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Figure 32: Predictions for σTT , σTL and σLL cross sections for γ
∗γ∗ → pi+pi− (upper black
curves) and γ∗γ∗ → pi0pi0 (lower brown curves) with Q21 = Q22 = 0.5 GeV2 and full angular
coverage | cos θ| ≤ 1 taken from [160]. The coupled-channel (single-channel) results are shown
by the solid (dashed-dotted) curves. The Born result is shown by dashed gray curves.
of the unitarization, which increases the pure Born prediction at low energy by
approximately a factor of two. Coupled-channel effects are important not only
in the f0(980) region, increasing its importance of the future aµ extraction. For
σTL we notice that the angular distribution is forward peaked due to the Born
contribution. For higher Q2 one has to incorporate constraints from perturba-
tive QCD at least for the vector transition from factors fV,pi(Q
2) which is the
driving force of the Q2 dependence of the f2(1270) resonance. As it was shown
in [178], the correct asymptotic behavior at large Q2 can be implemented in a
simple form (114). The numerical values of the Λ and Λ˜ can be adjusted directly
to the γγ∗ → pi0pi0 cross sections and an assumption that at low Q2 VMD for
piρ and dispersive analyses for piω TFF give reasonable estimates. The results
are given in Fig. 31 for Q2 = 1.5, 2.5, 3.5 and 4.5 GeV2.
For the double virtual process γ∗γ∗ → pipi, in addition to σTT and σTL,
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Figure 33: Total and differential cross sections for γγ → pi0η (| cos θ| ≤ 0.9) and γγ∗ → pi0η
(| cos θ| ≤ 1.0) with Q2 = 0.5 GeV2 taken from [162, 189]. The data are taken from [132, 139].
there is a contribution coming from σLL, i.e. when both photons longitudinally
polarized. The latter is numerically significant already for Q21 = Q
2
2 = 0.5 GeV
2,
as it can be seen from Fig. 32, where the predictions from [160] are shown. It
is based on a dispersive treatment of the S-wave and D-waves.
piη channel
We now turn to the second most important multimeson channel, γ∗γ∗ → piη.
Since both experimental and theoretical results serve in favor of a0(980) being a
coupled-channel {piη,KK¯} system, the inclusion of KK¯ intermediate state ap-
pears to be necessary in order to describe γγ → piη data [145, 146, 162]. In the
recent dispersive analysis [162] the left-had cuts coming from the t- and u - chan-
nel vector-meson exchanges were tested against the data in the crossed process,
the η → pi0γγ decay. The a2(1320) resonance was taken into account explicitly
within the assumption that it is predominantly produced by the helicity-2 state
(similar to f2(1270) in [199]). Together with the proposed dispersive method
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for a0(980) this yielded a parameter-free description of the γγ → pi0η cross sec-
tion [162], which was in the reasonable agreement with the data from the Belle
Collaboration [132]. Then the uncertainty coming from the hadronic final state
interactions were narrowed down using this data. The results for the total and
differential cross sections are shown in Fig. 33. For the single virtual process of
γγ∗ → piη we show the results of [189] for Q2 = 0.5 GeV2 and the case of σTT ,
i.e. when both photons are transversal. In contrast to the real case, there is also
a non-zero P-wave amplitude h11,++(s), which gives a negligible contribution to
the cross section compared to the combined result of the S- and D-waves shown
on Fig. 33. The resulting cross section σTT should be further confronted with
the future data from BESIII [40].
4.4. Two-meson channel contributions to aµ
In order to estimate the two-meson (and eventually multi-meson) channel
contributions to aµ in a systematic way, a dispersive framework was developed
in a pioneering set of papers [200, 154]. In particular, a Lorentz decomposition
of the HLbL tensor was derived that manifestly implements crossing symmetry
and gauge invariance, with scalar coefficient functions free of kinematic singu-
larities and zeros that fulfill the Mandelstam double-spectral representation. As
a generalization of the integral representation for the single pseudoscalar pole
contributions to aµ, given by Eq. (86), a master formula has been presented in
Ref. [154] which provides a three-dimensional integral representation of the gen-
eral HLbL contribution to aµ as an integral over spacelike momentum transfers:
aHLbLµ =
2α3
3pi2
∫ ∞
0
dQ1
∫ ∞
0
dQ2
∫ +1
−1
dτ
√
1− τ2Q31Q32
×
12∑
i=1
Ti(Q1, Q2, τ)Π¯i(Q1, Q2, τ), (121)
where Ti are the integral kernels which have been worked out in Ref. [154] for the
general light-by-light process, and where the scalar functions Π¯i parameterize
the hadronic light-by-light scattering input.
4.4.1. Pion-loop contribution
The next important contribution to aµ, besides the pseudoscalar meson
poles, arises from a charged pion loop. This contribution has been calculated
in early works [201, 120, 121] using scalar QED and including pion vector form
factors. For the latter, two approaches were used: a full VMD model was used
in Ref. [201] yielding api−loopµ = −1.9× 10−10, whereas a hidden local symmetry
(HLS) model was used in Refs. [120, 121], yielding api−loopµ = −0.45×10−10. The
reason for the relatively large difference was found [201] to arise from the short
distance behavior, which in the HLS model yields a relatively large contribution
of opposite sign above photon virtualities of 1 GeV2. The full VMD model on
the other hand has the correct short-distance behavior. Within the full VMD
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model, an updated value for the pi-loop contribution, containing effects of the
pion polarizability, was obtained as [201]:
api−loopµ = −(2.0± 0.5)× 10−10. (122)
Obtaining a fully data-driven estimate of the pipi contribution is a test
and first application of the general dispersive formalism underlying Eq. (121).
Within this formalism, the charged pion-box contribution has been calculated
in Refs. [154, 152]. It corresponds with the two-pion intermediate state with a
pion left-hand cut, and is fully determined by specifying the pion vector form
factors, which are known with very good accuracy. Therefore, this contribution
has been pinned down to very high precision as [152]:
api−boxµ = − (1.59± 0.02)× 10−10. (123)
4.4.2. Scalar meson contributions
To quantify the HLbL contribution due to two-meson intermediate states
beyond the charged pion loop, requires a dispersive formalism to evaluate the
partial-wave amplitudes for the γ∗γ∗ → pipi, piη, .... channels. Such dispersive
formalisms are at present under development, as discussed in Section 4, and
will be validated by a dedicated experimental program underway at BESIII and
Belle/Belle-II. As the leading partial waves in the two-photon fusion processes
at low energies are the J = 0 and J = 2 partial waves, we will subsequently
discuss the contribution from these channels.
Besides the Born contribution to the γ∗γ∗ → pi+pi− channel, yielding the
pion-box contribution to aµ, the next important feature in the description of
the γ∗γ∗ → pipi process is the pipi rescattering in the S-wave, which defines
the σ/f0(500) region. To obtain a first estimate of such rescattering effects,
Ref. [164, 152] has evaluated the S-wave rescattering by using a pion left-hand
cut (LHC) only, and by using the pipi phase-shifts from the inverse-amplitude
method, which reproduces the f0(500) properties at low energies. Such approach
is expected to give a reasonable description of the γ∗γ∗ → pipi channels up
to about KK¯ threshold. Within such approach, Ref. [164, 152] obtained as
estimate for the low-energy pipi S-wave rescattering contribution:
apipi,pi−poleLHCµ = − (0.8± 0.1)× 10−10. (124)
Note that the sum of the pi-box contribution of Eq. (123) and the S-wave pipi
rescattering contribution of Eq. (124) yields: api−boxµ +a
pipi,pi−poleLHC
µ = −(2.4±
0.1) × 10−10, which is in good agreement with the pi-loop model estimate of
Eq. (122), which includes the pion polarizability.
The low-energy pipi rescattering contributions to aµ are encoded in the pion
(generalized) polarizabilities, as shown in Fig. 28. Forthcoming single and dou-
ble tagged measurements of the γ∗γ∗ → pi+pi−, pi0pi0 channels will allow to
extract such generalized polarizabilities and thus quantify the full S-wave pipi
rescattering contribution to aµ.
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For the scalar states with masses & 1 GeV, the dominant contributions are
expected to arise from the f0(980) and a0(980) states which show up at the KK¯
threshold in the pipi and pi0η channels respectively. Ideally, once the data for
the γ∗γ∗ → pipi, pi0η channels will be available, one can estimate those from an
extraction of the TFFs using the coupled-channel dispersive formalism presented
in Section 4. In the meantime, several model estimates have been performed for
the contribution of these scalar mesons to aµ, which are shown in Table 4.
model Ref. value
ENJL [92] −0.7± 0.2
ENJL [202] −0.7± 0.7
narrow scalars & 1 GeV [123] [−(0.3± 0.1),−(0.09± 0.02)]
LMD a0, f0, f
′
0 [5] −0.6± 0.1
S-wave pipi rescatt., pi-LHC [164, 152] −0.8± 0.1
σ/f0(500) [203] [−(0.3± 0.1),−(0.03+0.04−0.08)]
narrow scalars & 1 GeV [203] [−(0.2+0.3−0.07),−(0.1+0.2−0.04)]
Table 4: Different scalar meson HLbL contributions to aµ (in units 10−10).
An initial estimate for scalar mesons was performed within an extended
Nambu-Jona-Lasinio (ENJL) model in Refs. [92, 202]. In Ref. [123], an estimate
of scalar mesons f0(980), a0(980), and f0(1370) was performed in the narrow res-
onance approximation by using the empirical information from the two-photon
decay widths and using VMD type parameterizations for the transverse TFF
(the longitudinal TFF was neglected in that estimate). Such estimate was fur-
ther improved in Ref. [5] by including short-distance constraints. Recently, a
new estimate was performed for scalar mesons in Ref. [203], again in the narrow
resonance approximation and including short-distance constraints, by including
the effect of both transverse and longitudinal TFFs. Ref. [203] has estimated
both the σ/f0(500) as well as the narrow scalar meson contributions with masses
& 1 GeV. For the σ/f0(500) contribution, the narrow resonance description of
Ref. [203] found a value around 2 - 3 times smaller in absolute value than the
pipi S-wave rescattering estimate with pi-LHC only from Ref. [164, 152], given by
Eq. (124). For the scalar mesons with masses & 1 GeV, all estimates in Table 4
give negative contributions, with aµ values in the range [−0.7, 0] in units 10−10.
4.4.3. Tensor meson contributions
Besides the S-wave pipi rescattering, the next prominent feature in the γγ →
pipi and γγ → piη channels are the prominent tensor resonance contributions, in
particular f2(1270) and a2(1320). A first estimate of the contributions of the
tensor mesons f2(1270), f2(1565), a2(1320) and a2(1700) to aµ was performed
in Ref. [123] treating them as narrow resonances and assuming that the tensor
mesons are dominantly produced in the helicity-2 states. The TFFs of the tensor
mesons were constrained from forward light-by-light sum rules. This estimate
was updated in Ref. [20] in light of new data on the f2(1270) TFFs from the
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Belle Collaboration, by allowing the production of tensor states in helicity 0, 1,
and 2 states. The resulting contribution to aµ was found as [20]:
atensorsµ = (0.09± 0.01)× 10−10. (125)
5. Two-photon couplings to higher mass multi-meson states
5.1. Axial-vector mesons
Although the production of an axial-vector meson by two real photons is
forbidden by the Landau-Yang theorem [204, 205], an axial-vector meson can
be produced when one or both photons are virtual, and thus contributes to the
HLbL contribution to aµ. Early estimates in the ENJL model [92] and HLS
model [120, 121] found contributions to aµ in the range (0.2 − 0.3) × 10−10.
A more phenomenological evaluation of the a1(1260), f1(1285), and f1(1420)
was performed in Ref. [122], with TFFs consistent with perturbative QCD con-
straints, which resulted in a ten times larger estimate as shown in Table 5. Such
value corresponds with about 20% of the total HLbL contribution. This large
contribution was subsequently scrutinized in Refs. [123, 5]. A general discus-
sion of the Aγ∗γ∗ vertex has to allow for three independent Lorentz structures
and to satisfy the Landau-Yang result. This imposes some antisymmetry con-
straint on the form factors, which was not accounted for in Ref. [122]. Both
Refs. [123, 5] have included these constraints. The L3 Collaboration measured
the two-photon fusion to f1(1285) and f1(1420) at LEP using the decays to
pi+pi−η [206] and K0SK
±pi∓ [207]. The Q2 dependence is studied assuming the
squared transverse momentum of the reconstructed final state to be equivalent
to Q2. In Ref. [123], this empirical information was used for the TFFs of the
f1(1285), and f1(1420), whereas Ref. [5] has also estimated the a1(1260) con-
tribution and imposed short-distance constraints. As can be seen from Table 5
both estimates are consistent with each other, yielding contributions to aµ in the
range (0.6−0.8)×10−10, around 3 times smaller than the estimate of Ref.[122].
model Ref. value
ENJL a1 [92] 0.25± 0.1
HLS [120, 121] 0.2± 0.1
MV [122] 2.2± 0.5
f1(1285), f1(1420) [123] 0.64± 0.20
a1, f1, f
′
1 [5] 0.76± 0.20
Table 5: Different axial-vector meson HLbL contributions to aµ (in units 10−10).
5.2. Two-photon fusion into 3pi, 4pi processes
Three or four pion final states have only been studied in two-photon fusion
of quasi-real photons. The main aim for the three pion case is the investigation
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of the tensor state a2(1320) and the pseudotensor pi
0
2(1670). The Crystal Ball
Collaboration investigated the neutral three pion final state in 257 pb−1 of data
taken at the DORIS II e+e− storage ring of DESY [139]. The radiative width of
pi02(1670) is determined reconstructing pi
0
2(1670) → pi0f2(1270), which is found
to be the dominating contribution to the neutral three pion mode.
The charged three pion final state has been measured by the CELLO and AR-
GUS Collaborations at DESY. While the CELLO Collaboration also observes
the pi02(1670) → pi0f2(1270) in a 86 pb−1 sample acquired at
√
s = 35 GeV at
the PETRA rings, the ARGUS Collaboration performed a partial wave analysis
on 456 pb−1 of data taken at
√
s = 10.4 GeV at the DORIS II rings, and does
not observe a contribution of pi2(1670). In addition, the ARGUS Collaboration
was able to determine the spin alignment of the a2(1320) comparing the helicity
states 0 and 2, confirming the dominance of the helicity-2 state.
With the BESIII detector at the BEPCII storage ring there is a possibility
to continue these studies. Moreover, it is also possible to investigate the three
pion final states in a single-tagged analysis. The virtual photon allows for the
production of axial states, e.g. the a1(1320), which is suppressed in quasi-
real photon fusion due to the Landau-Yang theorem. The feasibility of these
investigations at BESIII is indicated by the ongoing studies of the spacelike TFF
of the η meson, which is reconstructed from its three pion decay mode [35]. The
meson production is tagged by applying a mass window around the nominal η
mass, rejecting events at higher invariant masses.
The four-pion final state has been studied extensively in the past in view
of double vector meson production. Both, the fully charged as well as the
pi+pi−pi0pi0 final state have been investigated. The most recent data are pro-
vided by the L3 Collaboration at LEP. The charged and the neutral ρρ systems
are investigated for invariant masses between 1.1 GeV ≤ W ≤ 3 GeV and for
momentum transfers between 0.2 GeV2 ≤ Q2 ≤ 30 GeV2 [208, 209, 210, 211].
Despite the investigations of the four pion system at large virtualities, which
allows the formation of states beyond the restrictions of the Landau-Yang the-
orem, axial mesons like the f1(1285) were so far not considered.
5.3. Quark-loop contribution
After including the low-energy contributions to aµ through pseudo-scalar
meson poles, as well as two- and multi-meson channels, the remaining question is
how to quantify the residual short-distance contribution, which perturbatively is
given by a quark loop. The analytical expression of the quark loop contribution
with a fixed value of the quark mass is well known. What is ambiguous is which
part of it should be added to aµ when including the low-energy region through
empirical information on meson channels. This question has been addressed
in models such as the ENJL model, where it was found that for a constituent
quark mass of 300 MeV, and a cut-off of 1 (2) GeV, the quark-loop diagram
only saturates 50%(75%) of the total contribution. This means that even if
one replaces the low energy region (say < 2 GeV) by empirical information
on meson channels, one can expect a significant fraction from the high-energy
region. Within the ENJL model [92] the long-distance (mesonic) contributions
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were calculated up to a cut-off Λ and the remaining part was estimated by a
short-distance quark-loop with a quark mass mQ = Λ. This resulted in the
estimate [92]
aquark−loopµ = (2.0± 0.4)× 10−10. (126)
It is interesting to observe that within the ENJL model there is a large can-
cellation between the pion-loop contribution, Eq. (122), and the quark-loop
contribution. It shows the importance of performing the matching between
long-distance and short-distance contributions properly in order to obtain a re-
liable estimate for the sum of both. It remains an open question how to perform
such matching with the short-distance quark-loop contribution properly when
using an empirical estimate for the region up to 1 - 2 GeV.
6. Conclusion and Outlook
The current 3 - 4 σ deviation between theoretical and experimental values
for the muon’s anomalous magnetic moment has triggered a worldwide effort
on both theoretical and experimental fronts to clarify the situation. Ongoing
experimental programs at FERMILAB and J-PARC will soon reach a fourfold
increase in precision in the direct measurement of aµ. On the theoretical side, a
dedicated effort to reach a similar improvement in the dominant hadronic con-
tribution to aµ, which arises from the hadronic vacuum polarization and from
the hadronic light-by-light scattering, is underway. To further constrain the
hadronic corrections, both lattice QCD estimates as well as dispersive techniques
combined with measurements of the required hadronic input are at present being
pursued. In the present work, we reviewed the ongoing efforts in constraining the
hadronic light-by-light contribution to aµ by using dispersive techniques com-
bined with a dedicated experimental program to obtain the required hadronic
input.
We started this work by reviewing the model independent relations between
the forward light-by-light scattering amplitude and the experimentally accessible
structure functions which fully characterize the light-by-light fusion process. In
particular, we discussed applications of three superconvergence sum rules, which
provide model independent relations between the TFFs of mesons with different
quantum numbers. Such relations have recently allowed to constrain e.g. the
TFFs of tensor mesons from Belle data.
We have subsequently discussed the status of the TFFs of the pi0, η, η′ pseu-
doscalar mesons. As these are the lightest mesons with large couplings to two-
photons, they provide by far the dominant contribution to aµ. Furthermore,
as about 85% of their contribution to aµ comes from the region of virtualities
below 1 GeV2, data in this region is of particular importance to improve on the
error estimate. We have presented new data from the BESIII Collaboration for
the pi0 spacelike single-virtual TFF in the region 0.3 GeV2 < Q2 < 3.1 GeV2.
While in the overlap region with the CLEO data at Q2 ≥ 1.5 GeV2 both re-
sults show good agreement, the BESIII result extends the CLEO and CELLO
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measurements towards lower Q2, where it exceeds their accuracy. Furthermore,
the BaBar Collaboration has recently provided the first double-virtual TFF
measurement for the η′ both for symmetric and asymmetric kinematics of both
photon virtualities, which provides strong constraints on current TFF param-
eterizations. We have also reviewed the complementary information available
on the timelike TFFs and from the pi0, η, η′ Dalitz decays. The new data for
the pseudoscalar meson TFFs provide new challenges for a theoretical under-
standing. We have discussed recent progress on the pi0, η, η′ TFFs in dispersion
theory, lattice QCD, as well as the status of the perturbative QCD limit. For
the purpose of a new estimate of the pi0, η, η′ pole contributions to aµ, we have
provided a new parameterization of these TFFs, given by Eq. (84) which satisfies
the following three criteria: (i) its value at the real photon point is normalized
to the empirical value obtained from the two-photon decay width, (ii) for the
single-virtual case, the TFF reduces to a monopole form which was found to
provide a very efficient parameterization of the world data up to around 9 GeV2
for pi0, η, η′, in particular including the new BESIII data for the pi0, (iii) the
double-virtual TFF has to tend to the correct pQCD expression both for the
symmetric (Q21 = Q
2
2) and asymmetric (Q
2
1 6= Q22) kinematics, satisfying the
short-distance constraints. The new parameterization has only a single free pa-
rameter/scale, which is fixed from the fit to the single-virtual TFF data. The
resulting prediction for the double-virtual TFF was found to be in perfect agree-
ment with the new BaBar data for η′. As a result of having only a single free
parameter, which is well constrained by the single-virtual TFF data, the error
estimate for aµ was significantly reduced compared to previous evaluations, es-
pecially for the pi0, for which the new BESIII data were included in the fit, as
can be seen from the corresponding entry in Table 6.
We next discussed the hadronic information required to constrain the two-
meson and multi-meson HLbL contributions to aµ. We discussed the ongoing
experimental program to access the γ∗γ → pi+pi−, pi0pi0 channels, as well as
the dispersive frameworks which are being developed to describe the γ∗γ∗ →
pi+pi−, pi0pi0, and piη channels, which correspond with the largest cross sections.
A new dispersive formalism for the HLbL contribution to aµ will allow to fully
quantify the two-meson contributions, once the partial-wave amplitudes for the
γ∗γ∗ → pi+pi−, pi0pi0, piη processes are known. We reviewed the initial estimates
to aµ, resulting from a charged pion left-hand cut in the dispersive framework,
which have been given by the pi-box contribution and the pipi S-wave rescattering.
We have furthermore reviewed the current estimates for aµ resulting from scalar
mesons with masses & 1 GeV, from tensor mesons, as well as from axial-vector
mesons.
As a summary, we provide an improved HLbL estimate for aµ, which is
shown in Table 6. For the pseudoscalar meson pole contributions to aµ, we use
the fits for the pi0, η, η′ TFFs, including the new BESIII data for pi0 and using
the new TFF parameterization of Eq. (84). For the low-energy pi+pi− channel,
we use the pi-box and S-wave pipi rescattering contribution of Ref. [164, 152]. For
the narrow scalars f0, a0 with masses & 1 GeV, we use the recent estimate of
Ref. [203], and for the tensor mesons f2, a2 the recent estimate of Ref. [20]. For
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the axial-vector mesons, a1, f1, f
′
1, we use the estimate of Ref. [5] which has the
constraint from the Landau-Yang theorem included. For the short-distance part
of the quark-loop, we use the estimate of Ref. [92]. As a result, upon adding all
errors linearly, we obtain the new HLbL estimate for aµ:
aHLbLµ = (8.7± 1.3)× 10−10. (127)
contribution Ref. value
pi0, η, η′ poles this work, Eq. (84) 8.4± 0.4
charged pi-loop (pi-box) [152] −1.59± 0.02
S-wave pipi rescatt., pi-LHC [164, 152] −0.8± 0.1
narrow scalars f0, a0 & 1 GeV [203] −0.2± 0.2
axial-vectors a1, f1, f
′
1 [5] 0.8± 0.2
tensors f2, a2 [20] 0.09± 0.01
quark-loop [92] 2.0± 0.4
sum 8.7± 1.3
Table 6: Different hadronic light-by-light contributions to aµ (in units 10−10).
We like to end this review by spelling out a few open issues and challenges
in this field.
1. Single-virtual spacelike TFF for pi0, η and η′
The preliminary result of the BESIII Collaboration for the single-virtual
spacelike pi0 TFF illustrates the potential of the experiment to provide
high accuracy data in the range of momentum transfer relevant for aµ.
The final result is expected to be available soon, taking into account the
full radiative corrections. At the same time the investigations are extended
to η and η′ mesons. Combining the most abundant decay modes of each
meson, a similar statistical accuracy can be expected as found in case of
the pi0 measurement. Also the range of momentum transfer, for which
the TFFs can be determined is similar. It is limited at small values of
Q2 by the boost acting on the mesons. At larger momentum transfers
the measurement is limited by statistics. So far only a fraction of the
total data set of the BESIII collaboration has been considered. A more
than four times larger data set is currently available, and more data is
to expected in the upcoming years, allowing for high accuracy studies of
the single-virtual TFF of pi0, η and η′ at small momentum transfers in the
spacelike regime.
At large momentum transfers new data can be provided by the Belle II
Collaboration. These will be of interest to test the pQCD predictions, but
also to shed more light on the BaBar-Belle-puzzle.
2. Double-virtual spacelike TFF for pi0, η and η′
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After the pioneering double-virtual spacelike TFF data from the BaBar
Collaboration for η′, obtaining such a data set for η and in particular for pi0
will be important to validate the existing parameterizations for the double
virtual TFF. Especially the region for virtualities below Q2 = 1 GeV2 is
of importance, as around 85 % of the pseudoscalar meson contribution to
aµ originates from this region.
Double-tag measurements are planned at BESIII for all three of the light
pseudoscalar mesons. First feasibility studies indicate that it is possible
to map out the TFF in a significant region around Q21 = Q
2
2 = 1 GeV
2. In
order to perform a different kind of double-tag measurements, the BESIII
collaboration plans to install additional tagging detectors at small angles.
These will allow to collect high statistics samples of double-tag events at
small momentum transfers. In comparison to the single-tag measurements,
the exact measurement of the momentum of the second lepton allows to
study possible polarization effects in the two-photon production of pseu-
doscalar mesons. These result in forward-backward asymmetries in the
distribution of the dihedral angle φ˜ between the planes of the incoming
and outgoing leptons in the rest frame of the two virtual photons.
From the theory side, all the existing approaches need to be checked at
low Q2. In addition, they need to comply with high-energy constraints,
not only for the single virtual, but also for the double virtual asymmetric
cases, which can be validated by the current data from BaBar for double
virtual η′ TFF, and future BESIII measurements for pi0, η and η′ around
and below 1 GeV2.
3. Timelike TFFs for pi0, η and η′
Studying the timelike TFF in radiative meson production at e+e− col-
liders can serve as a cross-check of the measurement in the spacelike
regime. Also here results from the BESIII Collaboration around 16 GeV2
are expected. In principle data can be provided in the momentum range
4 GeV2 ≤ q2 ≤ 21.16 GeV2, which corresponds exactly to the momenta
where the spacelike results for pi0 of BaBar and Belle start to differ.
4. Dalitz decays of pi0, η and η′
Measurements of Dalitz decays of pi0, η, and η′ into electrons are still
the most viable approach to provide precision data on TFFs at smallest
values of momentum transfer. At the moment a new measurement of
the pi0 Dalitz decay is performed by the A2 Collaboration. The aim is
increase the statistics by a factor a two with respect to the recent NA60
result, providing the most precise directs measurement of the timelike TFF
slope. Also in case of the Dalitz decay of η′ data has been announced by
the A2 Collaboration, which will be competitive with the existing BESIII
data. Further results with similar accuracy have been announced also
by other meson factories. In addition, a new data taking is ongoing at
BESIII, aiming to improve the statistics of the J/ψ data set by an order
72
of magnitude, which will allow for a similarly improved determination of
the η′ TFF.
5. γ∗γ∗ → pipi, piη channels
The BESIII Collaboration is currently analyzing both γγ∗ → pi+pi− and
γγ∗ → pi0pi0 reactions in the 0.2 GeV2 . Q2 . 2 GeV2 range, correspond-
ing with the most relevant kinematic region for quantifying the HLbL
contribution to aµ. An important aspect of the analysis concerns back-
ground subtraction coming from e+e− → e+e−µ+µ− and ρ meson (i.e.
e+e− → e+e−γ∗, where γ∗ → ρ → pi+pi−). To accomplish this program,
a new version of the Ekhara Monte Carlo generator is being developed.
In general, as the data will be available both for integrated and differen-
tial cross sections, one can contemplate a partial wave analysis, similar to
what has been done for the real photon case. From the low pion invariant
mass measurements, it is planned to extract the generalized polarizability,
which plays a significant role in the aµ estimate. The intermediate energy
region will constrain the f0(500), f0(980) and f2(1270) resonance contri-
butions. Ultimately, the ongoing analysis is planned to be extended for
piη channel, which is the second most important two-meson contribution
to aµ.
From the theoretical side, within the dispersive approach, the dominant
uncertainties lie in the treatment of the left-hand cuts beyond the pion
(kaon) poles. Once the singly-virtual measurements validate them, an
extension to the double-virtual γ∗γ∗ → pipi, piη would contain several non-
trivial, but somewhat technical challenges. In particular, it is related to a
more complicated structure of kinematic constraints and behavior of the
left-hand cuts at large virtualities.
6. Axial-vector meson and multi-meson channel contributions
Experimental studies of multi-meson channels in two-photon fusion ex-
periments were so far focused on spectroscopy using quasi real photons.
The three pion final state has been predominantly used to establish the
resonance parameters of the tensor a2(1230), while the production of sig-
nificant amount of the pseudotensor pi02(1670) seems to be ruled out by the
high statistics partial wave analysis of the ARGUS collaboration. In view
of the HLbL contributions of axial-vector mesons, a study of the three
pion system at large virtualities is of interest, which allows to investigate
the a1(1260). The ongoing studies of the η TFF at BESIII, where the
three pion decay modes are investigated, indicate that the extension of
the analysis towards higher invariant masses is feasible.
A similar situation is found for the four pion channels. Existing studies
focused on the double vector meson production in quasi-real two-photon
fusion. The latest detailed investigations of the L3 collaboration also de-
termined the Q2 dependence of the ρρ system, however, the possibility to
produce axial-vectors due to the large virtuality is not considered. Here,
the BESIII and Belle II collaborations can provide additional data.
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